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SYNOPSIS 


Thesis entitled ‘Study of pTc System in Gauge Models', 
submitted by Pankaj Sharan in partial fulfilment of 
the requirements of the Ph.P. degree to the Department 
of Physics, Indian Institute of Technology, Kanpur 

November 1976 

The present work is divided into two parts. In the 
first part we consider low energy pn scattering using the 

p 4- 

N/L method and investigate the J =1 channel around the 
mass region. In the second part we consider the high 
energy behaviour at fixed momentum transfer of Pox scattering 
as well as of f> production in %n scattering at the one loop 
level. 

The thesis consists of seven chapters and five 
appendices. 

The first chapter is an introduction to both the parts, 

? 

In the second chapter we describe a simple 3U(2) gauge 
model with pion. The vector meson mass is obtained by break- 
ing the symmetry spontaneously. However, a global SU(2) is 
still preserved. This is the Bardakci-Halpern idea, which is 
discussed briefly. 

In Chapter three we review the experimental and theore- 
tical status of the J^(l) = l'‘'(l) mass enhancement at 1.1 GeY, 
which could be the axial vector meson 1^. 
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In the fourth chapter we calculate J =1'^ helicity 
amplitudes for nn scattering. They are unitarized by using 
the F/D formalism. The discontinuities on the left-hand 
cut ore evaluated using the Born diagrams from two renormali- 
zable gauge models separately. One of them being the model 
discussed in Chapter Two, the other, an SU(2) X 3U(2) model 
due to Bardahci. In both the calculations wc obtain neither 
an enhancement in the region nor the characteristic phase- 
shift behaviour of a resonance. Implications of this are 
discussed. The details of kinematics and numerical computa- 
tion are delegated to appendices. 

Part Two begins with Chapter Five where a review is 
made of the motivation and attempts to find asymptotic 
behaviour of Feynman diagrams in different field theories, 
with particular emphasis on the recent work on high energy 
behaviour and Reggeizati<"'n of Tang-Mills theories. 

In Chapter Six a formalism is discussed to evalua.te 
the asymptotic behaviour of any general one loop Feynman 
diagram corresponding to scattering or one particle production. 
Feynman diagrams are classified according to their topologi- 
cal properties, and general formulas for their asymptotic 
behaviour at high energy and fixed momentum transfer are 
obtained. The technique of Mellin transforms is found to be 
particularly suitable and some useful formulas are quoted in 





Appendix Five. Details of kinematics are given in Appendix 
Four. 

Using the formalism of Chapter Six, the asymptotic 
behaviour of the processes Px ^ px and xx xxp is 
evaluated in the seventh chapter. It is found that although 
our calculations are done only upto one-loop level, the 
results are consistent with the Eeggeization of Yang-Mills 
field theories. Discussion and comparison with recent work 
is done in the final section of this chapter. 



CHAPTER OEE 


Since ttieir discovery as oliort— range forces between 
nucleons, strong interaction of particles Has been a great 
challenge to the understanding of suhnuclear phenomena. Most 
of our understanding of the strong interaction physics has 
been obtained through a series of hypotheses made on the 
basis of experimental data and happy guess-work. There is 
no theory as such, if one could indeed talk in terms of a 
theoiy. Therefore, strong interaction physics draws its 
working and workable ideas from a variety of sources, 
relativistic field theory and non-re lativistic potential 
scattering among them* To take but the most prominent 
examples, the low-energy phenomenology of strong interactions 
basically exploits the idea of luiitaiy analytic S— matrix and f 
of current algebra both having tlioir roots in field theory 
while hi^ energy phenomenology has successfully derived 
models from potential scattering, like the Regge— pole model. 

Therefore, it is quite natxiral that with the success of 
spontaneously broken gauge theories (i.e, theories in which a 
local gauge symmetry is broken spontaneously) in providing a 
renormalizable unified field theory of weak and electromagnetic 
interactions^, attention should be directed towards strong 



2 


interactions. Several strong interaction models lased on the 

idea of spontaneously "broken gauge theories have been put 
2 

forward , However, it should be keiot in mind that even if 
we have a field theory the application of perturbation theory 
may not make sense for strong coupling. It can, at best, be 
studied with a view to obtain some insight into the qualitative 
aspects of the nature of strong interactions. 

The success of chiral SU(2) x SU(2) current algebra 

naturally requires that there should be an axial vector meson 

just as there is a vector meson. Furthermore, Weinberg’s 
■5 

sum rule requires the lowest lying axial vector meson to 
have a mass about /2 times the mo.ss of p, the lowest lying 
vector meson. However, though there is indubitable evidence 
for an enhancement in the 1 channel of system in diffrac- 
tive pion production xH che ^resonant nature of the 

enhancement has not been establisbed. On the contrary, the 
evidence for A-]_ has been less and less convincing. If A^^ is 
a resonance it should be possible to obtain it as a pit 
resonance, A gauge model including p as a gauge vector 
meson provides us with an opportunity to test this hypothesis. 
In the early sixties, a lot of activity in strong interaction 
physics consisted in fitting low energy parameters using 

unitarity and analyticity of the S-matrix. The understanding 

4 *5 -f 

of p as a itit resonant system and the ^ resonance in itN 



i 


3 
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scattering is well known. Althoug'i in those calculations 
the agreement with experiment could ^ at best be called roughs 
they explained the qualitative as'_ect of the interaction 
satisfactorily in a limited eneigy range. ¥e have used the 
old technique of N/D equations to unitarize the pTt scattering 
amplitude in the J^(l) = l'^(l) channel with the discontinuities 

across the unphysical cuts obtained from lowest order amplitudes 
obtained from the gauge model. \Je donot find any resonant 
behaviour near A2_ mass region. 

Apart from low-energy phenomenology, the high energy 
behaviour of amplitudes in gauge models can be a useful 
guide to some qualitative aspects ori: strong interactions. 
Previously, the high-energy behevicjur of Feynman diagrams in 
field theories has been thoroughly studied with the same 
motiva,tion and the same can be done with the re normalizable 
gauge theories. We shall review these attempts briefly in 
Chapter Five. It suffic s to point out here that at high • 
energy and fixed momentum transfer, Feynman diagrams in gauge 
models show amazing cancellations in higher order and 
generally the high-energy behaviour is very good. It seems 
very likely from recent investigations that the vector meson 
in these theories *Reggeizes', i.o., the behaviour of ampli- 
tudes with vector meson exchange in the t-channel for large s 
and fixed t is of the form i3(t) ^ and a(t) passes through 

1 for t equal to square of the vector meson mass. 
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¥e have calculated the high energy behaviour of ptc 
scattering upto one-loop level, ! = fourth order in the 
gauge coupling constant g. The calculation cannot be called 
definitive in the sense that tvo and higher loop diagrams 
should be calculated in order to mahe a statement about the 
high-energy behaviour in general, i.e., independently of the 
order upto which calculation is clone. vJe have not been able 
to do this because of the large number of diagrams involved 
with increasing order. However, our calculations are certainly 
consistent with the higher-order calculations done by other 
authors recently. ¥e have also looted into the high energy 
behaviour of production amplitude %% mip upto one-loop level, 
i.e. order g^. ¥e find that fo]r the kinematical region for 
which all the three final state particles have very hi^ 
momentum in the centre of mass, the diagrams that contribute 
to the leading order are essenticJ-ly the same as for itTc 
scattering, but with the produced narticle p emitted out of 
the external legs. Hi^ energy behaviour, therefore, is 
of the same general pattern as fox' scattering. 

The plan of the thesis is a-s follows. 

In the next chapter, i.e., Chapter Two we discuss a 
simple SU(2) gauge model constructed along the lines of the 
Bardakci-Halpern method^ which preserves a global SU(2) after 
spontaneous breaking. The method is discussed briefly. 
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P is introdiiced as e gaxi^e veccor .lison and it couples to the 
pion, Higgs scalars and ?riti;i i-o-Oi in a maimer characteristic 
of such theories. 

In the first part of this tiucsis which consists 'of 
Chapters Three and Pour, we consider the low-energy pn 
scattering, specifically in the = l'^(l) channel. As 

pointed out ahove the enhsneeraent in tcH ^ (pTi)!'! (3'n;)N with 

p Tc invariant mass near 1.1 G-eV, traditionally called Aj_, has 
no clear cut resonance interpretation. The experimental and 
theoretical situation of is discussed briefly in Chapter 
Three. As mentioned there, the enhancement can be explained 
by mechanisms which do not assume a qtz resonance. 

It is therefore of interest to ee what behaviour does 
the lowest order pm scattering am" litude , properly unitarized 
in the 1^ = 1"^ channel show in uhc ■ iurtt of the A_^ mass 
region. Wo have done this in Chentor Pour. ¥e calculate the 
l"*" helicity amplitudes for pm sca/btering and using the 
'left-hand' discontinuities given b" them found the unita- 
rized amplitside by solving If/D eruia.tions . ¥e donot find any 
indication of a bump or variation of amplitudes to indicate 
that there is a pole in the second sheet near the A3_ mass. 

We have done the same calculation ‘‘lith another gauge model due 

7 

to Bardahci. This model inco rpo ro.te s broken chiral 
SU(2) X SU(2),' so tha.t an axia.1 vl ctor raoson is explicitly 
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assumed in the theor3r. Inclusio’- of the left-hand cut disconti- 
nuity due to A^-exchange in the- u-ciiennel in pn scattering, 
a-gain, does not produce resonejnt hehaviour. 

It should perhaps be emphasized that we donot have 
any arbitraiT parameters in the theor3/ except the mass of 
Higgs scala,rs, and tha,t, however, does not produce any quali- 
tative difference. 

In the second part of the thesis, XArhich consists of 
Chapters 3 ?ive, Six and Seven, our concern is the high-one rgy 
behaviour of scattering and production amplitudes at fixed 

fd 

momentum transfer. G-auge theorioo have interesting high 
energy behaviour as has become cd-Oar from the very recent 
activity in the field. This, end earlier work is briefly 
reviewed in Chapter live. 

Chapter Six is mainljr for'.n'lism. Because of the fre- 
quent occurence of derivative co^.plings in gauge theories, 
it becomes difficult to determine the true asymptotic 
behaviour of a. Feynman graph. As far as high energy behavi- 
our at fixed momentum transfer is concerned, we have tried to 
analyse and classify one-loop scadetering and one-particle 
production graphs with an arbitra.r3^ polynomial of external 
and loop momentum in the integral. The task becomes specialld'' 
simple, though, perhaps, less rigorous, by the use of a method 
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analogous to the 'momentum-space tr^chnique * used hy Chang 

and Ma in quantum jlec trodynamuco hefore, and exploited very 

successfully hy McCoy and ’fu to investigate high energy 

8 

behaviour of gauge theories recontly. 

In the last chapter we have applied the formalism 
discussed in Chapter Six to scatteiing and P production 

in imr -*■ pTctc. The calculation ^ives the same qualitative 
behaviour at high energies for p% pit scattering as has been 
found by other authors for fermion-fermion and vector-meson- 
vector-meson scattering in Yang-mills theories. Only, we have 
not been able to carry out the calculation to diagrams of two 
or higher number of loops, so that our calculation can at best 
be called a verification of high-energ3r behaviour of gauge 
theories for the sc alar-vector-mon on scattering. As far as 
the production amplitudes are concerned, we have not found any 
calculation in gauge theories to co'.apare with. Here also the 
results upto one-loop are interc;.'ting in the sense that they 
show behaviour similar to the scattering case. The leading 
diagrams seem to be essentially th? same. 

The last section of this chapter briefly mentions the 
directions in which the present investigation can be extended. 

Five appendices towards the end of the thesis are added 
to give certain details not in the text. 



CHAPTER 


■2\I0 


In this chapter we shall ciscuss a simple SU(2) gauge 

model for p% system. It is insti'uctive ^ at least at a 

qualitative level, to study the application of gauge models to 

strong interactions because tiiey enr-e renormalizable. In 

Section 2.1 we shall discuss a method, due to Eardakci and 

6 

Halpern , of constructing a gaugo node! of hadrons with 
strong interaction symmetries lire served globally. In sections 
2.2 and 2.3 give in deta.il a model based on this method 
which has SU(2) as symmetry groui; . In section 2.4 we fix 
the gauge and in 2.5 give estimad^o" of the coupling constant, 
symmetry breaking parameter etc. 

2.1 A SCIIEIIJ POP aj\UQfE liODElS Od' .'sLROl'TS 

It is well laiown that i/* r I.pgrangian is invariant 

under a continuous symmetry grou;. , and if the symmetry is 

broken spontaneously,' i.e.^by nialiJig the vacuum non- invariant 

imder the grouj), zero-mass particles make their appea.rance. 

0 10 

This is the Goldstone theorem. ’ It was pointed out by 
Higgs^^~^^ that in gauge theories, one can have spontaneous 
symmetry breaking xfithout the G-oldstone bosons appearing. At 
the same time, the gauge fields acquire mass. 
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If we apply this idee to c uxong interactions, we have 
to retain, ^lohally, iiie symmetries of the strong interactions. 

Let us suppose we x>rant to ictshn a global U(n) invariance, 

Then the suggestion of Bardahci and >'8.1pern is to start with 

an F(n)‘^ x U(n)''^ group, ■J'd.th U{n)^ a local symmetry, and ir(n)*^ 

a global one. On- then takes n scalax, complex fundamental 

representations of U(n) rliich transfoxns under elements. 

Ij O' 

l(x) and G- of U(n) and iCn) rcspoc tively , as 






( 2 . 1 ) 


Other fields are defined in ‘the usuad. way under U(n)'^. 

(j 

Under U(n) they do not change. 

(i) 


If vrc give ^ non-aero v?. euum expectation value 

J 




o 


^±3 


( 2 . 2 ) 


and shift the field. s as 


^3 


(i) 




(i)’ 


-I- 




(2.3) 


we find that the lagrangian, ori.^inall^T- symmetric under 
li G 

U(n) X U(n) 5 now retains a igp.ohal U(n) symmetry, namely 

the transformations for which elei'ients of local gau^ group 

are constant (i.e. independent oC sp-t ce~time ) and the group 

parameters defining the elemenl; oxc the same for the local and 

li G 

the global ^^roup. In other words, the U(n) (^■iJ(n) subgroup 
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is still retained as symmetry grouo of the lagrangian. 
Moreover, sll the n vector mesoios get the same mass, deter- 
mined by the symmetry breaking pcrameter o. 

In the next sections we discnss the SU(2) version of 
the above formalism. 

2.1 S[J(2) GAUIE MODEL EOR P iLi-i'D % 

We consider the group SU(2)^ x SU(2)*^. The elements of 
SU(2)^ and 80(2)^ will be written as L(x) and G respectively. 

¥e introduce the pion field and the vector meson 

field p both triplets, and tra-iisiorming under an infinitesi- 
M- 

mal transformation 

l(x) = 1 + i G(x).t (2.4) 

of SU(2)'^’ as, 

^ X - 20(x)xix 

and 

^ ^ ^ - 20(x) X ^ + “■ 

V ^1-J. 

where we have used the vector notation n for etc. 

Under SU(2) , % and p remain invariant. 

H' 


(2.5) 


6(x) 


( 2.6 ) 



11 


According to the scheme of J'-ardakci and Halpern 
as briefly outlined in the previouc section; vre choose two 
complex doublets 

01 = (011. 02i) 

and 

02 = (012’ 022^ 

both transforming under L(x) as 

01 ->• l(x) 0^ (2. 7) 

and 

02 L(x) ^2 

Under an element of SU(2)"'; the transformation mixes 
the two doublets ? 

01 01 (2.9) 

02 02 ( 2 . 10 ) 

where 

01 = ^^ 11 ’ (^ 12 ^ ( 2 . 11 ) 

and 

02 = (02i> ^2.2) (2.12) 

¥e denote by 0 the 2x2 matrix 0^-j!> and if we parametrize it as 

J- J 



tlie transformation properties (2.7 


- 10) can le siimmarised as 


^ ^ l(z) ^ 0“^ 


(2.14), 


or, in terms of M’s end N's, as 


Mo - 


- (0 - 

^ ).F 




(2.15) 




-V 




(2.16) 

^^0 - 


+ ( 0 ““ 

Tj/ ) .M 





-> 





->• 

(2.17) 

M 

II 

- (q - 

♦)5o - 

(0 + 

4-) 

X M 



-> 




-► 

(2.18) 


IT 

+ (0 ~ 

4')Mq - 

( 0 + 

4') 

X IT 


whe re 

I(x) = 1 + i©(x).T and 

•> 

G- = 1 + ii(; „ T 


let us define 






and 


71 


K . T 


(2.19) 


(2. 20) 


The transformation of and % is 

p L(x) p l(x)~^ + ~ T,(x) 9 (L(x)~^) (2.21) 

)i {-^ o 

% L(x) % l(x)"^ (2.22) 
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The transf 0 imat ion properties (2.14)5, (2.21) and (2.22) 
require that under 3U( 2)^ x SU(2)'^, 


^^4% -l(x)(9^P^ -3^ - ig [P^.P^I) X 

X l(x)~^ ( 2 . 23) 5 

(9j_^x ~ ig [p^, Tcj) L(x) (a.^x - ig [d,j_,x]) Kx)-^ (2.24), 

(9,_^^ » igP^^) l(x)(9,j_!2( ig P^0) (2.25). 

Therefore we can write the La^grangian invariant under 
SU(2)^ X SU(2)'^ as, 

£. = - ^ tr [(9^P^ - 3v P,, "ig [P^. Pj)^j 

1 2 
+ 2j: ir [(9^ ^ " ig [p^^, 7t]) ] 

+ I tr [(3,_^ 0 - ig p , (2')(9'V+ ig 

+ ^ tr [?fi0] - I (tr [(2fVj)2 - J [((/+ gSf] 

- I tr ^ (tr [x^])^ ( 2 . 26 ). 

Simplified, and expressed in terms of M etc. 

(see (2.13)), it hecomes, ; 


+ |- (9 ^ X + 2g P^ X Tt)^ 

+ I (g “o)^ + 2 tg I + I ( 
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+ gp^ . (N^a^M - al'l'iji) 

- gp . (M X a^M) 

{J, 

- gp^ . (N X a*^F) 

1 P*^ P P P P "^P 

+ - g iJ>,, (M + j-T ^ + JNr) 

2 1-1 o o 

^2 o O -^O ->“0 

+ ~ + IT + ir -f N^) 

2 • o 0 

- ( j3 + y) 

- 2y (M^M + -- 4y ((M.5)^ - S^) 

6 -*2 , 2 2 ■*■2 ^2s ^4 / N 

- -|- 7t (Mq + + N^) - XtT (2.27). 

2.5 SPOITAIffiOUS SYIMETEY BEEAiaiTG 

Let us choose the vacuum expectation values of 0 as 

<0)0 = 4 (2.28). 

Then we can rewrite the fields 0 in terms of fields 0' 
with zero vacuum expectation value simply by 'shifting* 0 as 

0 = 0' + r) (2.29) 

-*■ 

For convenience we shall use the same symbols , M, 

IT for the decomposition of the type (2.17) for 0'. Substituting 
(2.29) in (2.27), and equating the coefficient 
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" 4 t]^ ( P + y) 


(2.30) 


of the linear teims in the lagfangian equal to zero, we 
obtain fo r 


SL. = - X p ) ^ 

^ 4 ^ l-i- V p. \x V 

1 
2 

1 


1 „ 2 „ 2 t 2 


+ J + 2gp^ X ,r) + 2 g r, p,_^ - 2 


1 . 2 -^ 
or] it: 


2 + I ( V'io)^ + I 


+ I 


2 2 
a^M 

o 


^-»-p 

Ay'O M 


" gP,_,. (Mo ~ 

- gnPj^. 9 '"h + gp^. (n^s’-'M - 

- gj .(M X 9l-^M) - ap,,.(>i X 3''^1T} 

M' '''' 

2 

%■ ^^0^ ■*■ '-'o^ + 2 tiMq] 

- ( P + y) [Mq^ + 2(M^^ + 2M^r)) x 

X (ITq^ + + N^') + 2ir^^M^ + 2 Nq^5^ + 2M^M^] 

_ 1C + 2r]M^M'^+ 2oM^M.lT + 

+ 2(M.I)^ - 2M^F] 

- I (M^^ + + 2r]M^) - Xtc"^ (2.31). 
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¥e notice that vector meson, pion, and M all get 
masses. and N remain massless. Ue also notice that under 

transfoimations characterized 137 - G^(x) independent of x and 
equal to ip , the lagrangian (2.31) is still invariant. This 
is immediately clear from (2.17). 

2.4 CHOICi OF GAUGE 

As we have three gauge particles we car choose three 
conditions to fix the gauge. ¥e could for example choose 
a gauge such that 

J = 0 (2.32) 

This corresponds to the unitary gauge. This has the 
effect of removing three massless particles in the theory, as 
well as the term, 

-g,)?,, . 9^5 (2.33) 

from the Lagrangian. 

Another choice to fix the gange is to add an explicitly 
gauge no n-“ invariant term to the Lagrangian. For example we 
can add , 

£1 = - I (3^?^ + gr)l)2 (2.34). 

Such a choice corresponds to working in the so-called 
t'Hoof t-Feynman gauge. It has the advantage that three 
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things are achieved simultaneous 3-3?". Firstlsr, (2.33) 

comhines with the cross-term of (2.34) to form a total 
divergence and so does not contribute. Secondl 3 r 5 S’ gets a 
mass whose square is g^T]^. Thirdl 3 r , the vector meson propa- 
gator becomes the simple Fe 3 rnman propagator 




However, we know that in deriving the Feynman rules 
b 3 r fimctional integration method, we have to trke into 
account the explicit change in under gauge transformation. 

In other words, we have to introduce fictitious particles - 
the so-called Faddeev-Popov ghosts. That is taken into 
account if xro add to the lagrangian yet another term, 


£, = - 2se,,, 


/.v3 




'i jk 


U)' 


- g^',) 


_ e. M 

^ijk ^ 


(2.35) 


with the specific requirement that a factor -1 should be 
inserted for each closed loop or the ghosts. 

In the following we shall work in the t* Ho oft -Feynman 
gauge only. 

A remark must be made concerning the presence of Mq cn 
our Lagrangian. It is still mansless. 
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¥e could have avoided by either choosing small 
number of Higgs scalars, for example breaking symmetry by 
giving non-zero vacuum expectation value to some component of 
just one complex doublet instead of two. Or, we could have 
retained the similarity with the Bardacki-Halpem model, and 
extended the group to U(2). In the latter case, one has to 
introduce another vector meson corresponding to U(l) part 
of U(2) = U(l) X SU(2). Then we can choose another gauge 
condition and eliminate Howevez', as in our work that 

follows, we don’t require these couplings, we have not 
explicitly written them down. 

2.5 OHDER OP MAGNITUDE OP COUPLING CONSTANT AND SYMCIETRT- 
BEEANING PAEAMETBR 

To lowest order the p width r is easily found to 

be , 

r/M = (1 . (^)2)3/2 (2.36) 

1271 

with m the mass of pion and M that of rho meson. (¥e shall 
use this convention for mass of it and p throughout). Using 
M = 765 MeV, r = 135 MeV, m = 140 HeV, we find 

P 

g /A% = 


.43 


(2.37) 



19 


On the other band, as 

m2 2, 2 

M = g 

and 

2 X ..2 

m = oQ 

we f ind 

"0 = 330 MeV 

6 = .18 (2.38) 
This fixes the parameters g, h and 6 . 



CHAPTER TH11T;5 


In cliapter we shall ver*/ briefly review the 

experiment?! and theoretical studies of A^^ and its status 
as a P 71 resonant system, 

3.1 OBSERYATIOE OP MASS lEHAjiCE'rrMT IF EIPPRACTITj PRODUCTIOF 

In a diffractive production process like tiN -*- ( P tc ) F ( Tiimi 
with no quantum numbers exchanged and small momentum transfer 
one observes a broad bump in the o-wave of the P 7 x system with 
Pit invariant mass about 1.1 GeV. On first observations^^"^^ 
the interpretation was, of course, to regard it as a resonant 
state A which decays into P and x 

,7tp Ap (px)p ^ (7ttcit)p (3.1) 

17 1 

later the original peak resolved into two peaks ’ 
called A^ (aground 1.1 GeV) and A 2 (around 1.4 GeV). The spin- 
parity assignment of A^^ has been established to be 
Thus there is an unmistakable enhancement in diffractive 
processes in 1 channel and at 1.1 GeY, ' 

However, the mere presence 01 a b\mp in the cross- 
section is not enough to justify a resonance. There should 
also be the phase-shift behaviour characteristic of a 

po 

resonance. With the phase shift analyses made of the 
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A 2 _P'n; system, the conclusion seems to he that does not 

exhibit an37’ phase shift variation characteristic of a 

resonance. This, coupled with the possibility of explaining 

the Ajl enhancement by Deck effect or similar mechanisms (to 

be discussed later in this chapter), has cast a strong doubt on 

pq 

the very existence of A^^ as a particle. 

3.2 Aj_ Ih 10?TDIPPRACTI-VE PE0GS333,: 

As the diffractive production of A^^ is open to doubt 
whether it is a true resonance or a kinematic enhancement 
peculiar to the diffraction process, it has been of consi- 
derable interest to observe it in some process which is free 
of such kinematic complications so that the resonant or 
non- resonant character of A 2 _ can be established. 

Contrary to the situation in diffractive processes, 
the evidence for A-j^ peak in non-dij'; fractive processes like 
charge -exchange , backward scattering and in inelastic processes 
like Tt p ->■ X m m A and pp annihilation is very small. 

In backward -re'p scatterinrg there is an indication of 

30 

Aji^ but the data is of limited ste.tist ical significance. 

Decent anal3’"-"’e of (3 it)° system produced by charge exchange 
donot find any evidence for A^ production.^® Analysing 

4- — O i 

% n sX 4 G-eV/c^ Emms et a3. observe no about 


1.1 GeV. 
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In pp annihilation experiment there is an indication 
of , hut the peak is not very significant above the 

background . 

’h *5 ^ If 

In K p processes, there is some evidence for 

Ap but as Berlinghieri points out that a purely kinematic 
enhancement is not ruled out. 

39 

Recently Wagner et al have studied the reaction 

'n:'*'p at 7 G-eV/c, and have set an upper limit of 

2|j.b on the Ap production cross section. If ■^1 exists then, 

29 

as pointed out by Kane , the expected cross section should 
be of the order of 30 pb. 

Thus we see that the evidence of Ap in non-diffract ive 
processes is slender and insufficient. 

3.3 THEORETIC Al MODELS TO URDERSTil'ID Ap PEAK AS A 
KINEMATIC enhancement 

Even before the discovery of the Ap peak, it was 
suggested by Nauemberg and Pais"^*^ in 196 2 that purely 
kinematic peaks may occur in 2% and 37c systems. This sugges- 
tion is based on the Pierls Mechajiism^^, originally conceived to 
understand the second pion-nucleon resonance. The ba-sic idea is 
the following. Consider the scattering of X and Y with the 
exchange of Z as shown in Eig. la. If the mass of Z, m^ is 
greater than my + m^ then the tvro vertices are decay vertices 
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2 2 

and th.e scattering amplitude has a 'oole at . 

However, for physical values of s (the centre of mass energy 
squared) it is possible for P2 to be on mass -she 11, and thus 
contribute a. pole to the scattering'; amplitude. This pole 
will of course depend on the scattering angle , and as the 
scattering angle -© runs over the entire range, the pole 
will trace a segment in the s plane above the threshold. 

The scattering amplitude shows an enhancement over this 
region. Analysing the (X, Y, Z) = (p , %, Tt) system they 
predicted an enhancement at 1090 lIoV, just where peak is 
seen. However this analysis presuiues the dominance of the 
exchange diagram of Fig. la over any other process and 
does not take into account the unitarity of the amplitude 
over the physical region. 

Immediately after the observation of the ■^1 bump , Deck 

A 2 

pointed out that the effect coulc' be due to the particular 
mechanisixi of production. Analysing, "the process mp 3'n;p he 
assumed the dominance of the pion exchange diagram shown in 
Pig. lb. The differential cross section for such a process 
will be of the form (with the notation of Fig. lb). 

F(a2) ^ 

dcr = (kinematical factors) x — p — 2~~2 ^*^1 ^*^2 
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where F(A‘^) is ihe foim - factor associated with the pion' 

propagator, and is the off-shsll scattering amplitude 

for ■rtl'T ■*■%¥- which is approximated by the on~shell 

matrix element, llow the ulT xF cross section (proportional to 

) shows a peak in the forvrard direction for diffractive 

reaction, i.e, foi small momentum transfer to the nucleon. 

Approximating the peak in do^^j/dfi by a fxmctional form e 
P 2 

where momentum transfer, and making 

P 

some simplif 3 ring assumptions about ) one finds, after 

2 

integrating in the neighbourhood of t =0, that the diffe- 
rential cross-section with respect to q % invariant mass 
shows a peal: about 1100 MeV. 


later, the idea of Deck model has been extended and 

generalized to include exchange of Eegge pole and trajectories' 

• 50 

However, as pointed out by Chew and Pignotti , the concept of 
dua-lity implies that when peril erol models of the Deck type 
predict large cross section at loi’- subenergies, there probably 
are resonances present even thougdi there is no explicit 
insertion of a resonance in the amplitude. So the Deck model, 
rather than explaining away the resonance, in fact predicts 
a resonance. This startling conclusion has somewhat confused 
the situation. ¥e shall not go into the details of these 
arguments. Suffice is to say tha,t Reggerized Deck model has 
been able to explain the data of production without 
explicitly requiring a resonance. 
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Recently BTayshayT has constructed a model in which 
the lack of variation of the phase shift is compatible with 
an resonance pole. The model is based on the boundary- 
condition formalism developed earlier by him for relativistic 
three particle systems. The amplitude for N(3'n:) is 

written aS;, 


T = T,, . T^ 

p 5 


w 


here T^ is the production amplitude and T.^; the 3”pion amplitude. 
If Ai^ is indeed a dynamical effect then T^ should contain the 
resonance pole. if ter properly uiiitarizing the amplitude one 
obtains an state of approx iaio t ■'1'^ the ri^t mass and width 
and with negligible phase varirti''si. 

3.4 REMARIC5 


¥e shaAl not discuss the many calculations involving 
^1 which explicitly assume the e:d.rjtence of i^ and then explore 
its consequence. These include iirrd-pion calculations, quark 
model calculations , current-algebra end superconvergence 
calculations, and Veneziano mo-le]. crlculations . 

53 

Recently bowler et al have constructed a model 
amplitude for diffractive production of resonant states in the 
presence of Deck amplitudes. It is found that the resonance 
may get grossly distorted and may show very slow phase vcrici,- 
tion. The model successfully, e:'p3.amns the detailed features 
of Aj^ production, if only the mass of Aj^ bo about 1.3 GeV and 
width about 240 MeV. 



CHAPTER POUR 


As reviewed in the previous chapter y the present 
status of Aj^ as a particle is very unclear. A number of 
anaXyses of the experimental data have been made, and all 
agree on the absence of a resonant A^ state. A-j_ phase 
variation is quite flat. On the other hand quark model 
and chiral symmetry require the existence of Aj^. Weinberg's 
sum rules , if vector and axial vector spectral fimctions 
are saturated with P and A^^, require m^>^ = V^2 , just 

about the place where irp mass enhancement in (Jti) R 

is seen. Similarly in the meson spectrum generated by the 
quark model it is natural to expect A^* 

In this chapter wo shall investigate the presence of 
Aq_ by solving the R/D equations for J^(l) = ""^(l) partial 
wave amplitudes of pn scattering. G-oncrally in using the 
R/D equations ...one either treats the discontinuity across 
the left hand cuts as a parameter to be fitted or supplies 
this information from some source. ¥c have obtained the 
discontinuities from lowest order dia^grams of a gauge 
model, in which global isospin is preserved and vector 
mesons are given masses by breaking the symmetry spontaneously. 
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In fact we can do two things. First to consider only the 
isospin group and consider tire scattering of p and ic as in 
the model of Chapter [Two and see if in solutions any 

resonance appears. Secondly, one can consider the broken 
chiral SU(2) Z SU(2) Bardakci model (described in Appendix Two) 
and consider whether the assumption of A^ as a particle which 
couples to p and % in u-channel implico an Aj resonance in 
the pit s -channel. 

We have carried out both the calculations, and the 
result is, for both the cases, there is definite absence of 
a peak in the cross-section near A^ mass region. 

In sections 4.1 and 4.2 we study the helicity ampli- 
tudes for pit scattering and in 4.3 the h/l equations for 
them. In section 4.4 we find tho expressions for disconti- 
nuity on the left hand cut of these equations and using 
these as input, solve the equations numerically. The results 
obtained are discussed in section 4.5. Details of kinematics, 
and the discontinuities of partial wrvv. amplitudes obtained 
from the Bardakci Model are given in Axqoendix One and Two 
respectively. 

4.1 HELICITY MPIITUDBS FOR pit SGATTERIHGs 

Let us define the scattering amplitude for pit scatter- 
ing with the indices 1, 2,3,4 referring to ingoing p and it and 
outgoing p and it respectively, as. 
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(P3P4>PlP2) = 2Pl° 2P2° ^^(Vp4) 

x 

ir? ^ A 9 i-i i'' 


+ i(2,t)^ 1,3^4' 1 2 (3,^,) (4.1). 


Ir? 1- -1 9 ^--) 1 / 


^5^1 


*3 A ^ ”^"1 2 

The invariant amplitude T^ ^7 (s,t) can in general 

be decomposed as s 

1 


T 


^5^4’ ^1^2 


X^ X^ 


(s,t) - - ^ e\ (p^) (Pp) 

{2tz) ^ ^ 1 


ry 

2 


X + C Pi„P2^+ D Pgy Pjj, 

(4- 2) 

where we have omitted the superscript i^i^,i 2 i 2 in A to E. 

¥e note that actually there arc only four independent 
invariant amplitudes, because time reversal invariance requires 
that , 

0 = B + D (4.3) 

As shown in detail in Appendix One, in the center of 
mass system the pa.rity conserving amplitudes, i, o . amplitudes 
with definite total angular momentum and parity, can be written, 
for the case of = 1^, in teims of the above invariant 


amplitudes as follows 
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T 


( 11 ) 



T 


( 01 ) 



^ ^-1 

+ p^x (l-x^)j (4.4) 

™ILL0 1 / a- IriL- + (B-G) 

M (2u) “1 '■ “ 


+ (D-E) p2 (l-x)j 


^ [A(^ - x) 

2V's M^ (2Tt) -1 

+ ( S ‘!i -± .-g Jl .. + x(B-C)) 

n S5 

+ p2(i-x) ( °-yt . E g ^ (i,.B))j 


(4.5) 

(4.6 ) 


(4.7), 


where the (Jefinition of center of masc variables is given in 
(AI. 32 ) an(3 it is understoo(3 that the ci-iplitudos A,B etc. 

jtf 

have been projected to the iso spin 1 with the help of 

( 11 . 41 ). We note that for = 1^ wc' hevo four amplitudes 
1+ 

T(^p) because out of pit helicity states one can construct two 

independent positive parity states with angular momentum 1, 

namely the one corresponding to P-hclicity zero and the other 

corresponding to a linear combination of helicity +1 and -1. 
1+ 

In a or p = 1 corresponds to helicity + 1 combination. 

Note also that 


Is symmetric as required by time reversal 
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invariance (cf, eqn. (iU..21)). Altemaoely, we can look at it 
in this way, =1^ amplitudes mi^c tV? centre -of-mass 

orbital angular momentum s- and d- waves. In the basis of oibital 
angular momentum i =0,2 the an^jlitudes are given by, 


"*^00 


(4.8) 

“^22 

= y - 2U 

(4.9) 

"‘^02 

“ 3 '‘•^(11) T2 (10) ^(00)^ 

(4.10) 

"‘^20 

= ^^02 

(4.11) 


4.2 SINGUIMITIES OP THE HEIICITY MPIITUDES; 

I"*" 

The amplitude matrix ^(cep) ii'i’^^o'^uced in the previous 
section satisfies the unitarity condition, 




A 

{2%r t " 



( 4 . 12 ) . 


1 + 

This condition requires that have a cut in the 

s-plane from (M+m) to This is f\o ’physical' or unitarity 
cut. Apart from it these amplitudes will have the so called 
'unphysical cuts' or 'left-hand cuts' arising from dynamical 
singularities of invariant amplitude a(g, t), B(s, t) etc. 
corresponding to exchange of particles in. other channels. Apart 
from the physical and unphysical cuts these amplitudes also 
have kinematical singularities coming from factors like 
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0 O ‘ 

p =: (( s - (M+m) ) (s-(M~m)^)/4s )'^ Trhich has branch points 

at threshold (K+m)^ and ’ pseudo-thro 'bold ’ and 

occurence of ^[s st various places „ 

The rea.son we have constructed parity conserving 


amplitudes is that the kinematical 3inj,ularities can be 

54 

removed very easily from these amplitudes , ¥e define the 
following amplitudes. 


mm 

T 

^00 

= 

jf; too) 

(4.13) 

^10 


f tlo) 

(4.14) 

5ll 

= 

.(2.)^ f til) 

(4.15) 

mm 

T 

01 


0<* 

T 

^10 

(4.16) 

Except for 

pole 

at s = 0 these are free of kinematical 



singularities in the physical region and satisfy the following 
unitarity condition, 

i(T - T'*') = - T PT'*’ (4.17) 

where p is the diagonal matrix , 


^00 

- jsh. 

^ 1 ^ 

(4.18a 


mm 


^1 

= -2- 

(4.181: 


mfs 


^10 

o 

II 

H 

O 

Q- 

n 

(4.18( 
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It should be emphasized that our approach is not intended 
to be a purely dispersion theoretic approach. For us the problem 
of kinematic singularities is, in a sense, academic. The sin- 
gularity structure of the amplitudes is given to us by the 
perturbation theory, and we impose on it only the physical cut. 

We need not have cared at all about the kinemetical singulari- 
ties, and still would have written i'T/D equations. The only 
reason why we have defined T p in (f .13-16) by factoring out 
p, V's etc. is that we are able to get equations for N and D 
which are relatively much simpler to urork with. Similarly, we 

notice that in the partial wave amplitudes (e.g. in Tqq ) 

2 

terms like q /Vs occur. By multiplying them by l/Vs (as 

2 

in 4.13) we are apparently introducing a l/s singularity at 

1 + 1 + - 0 + 

s = 0. ¥e could have multiplied ^(10) ^(11) 

pectively by sV's/p, s /p and Vs/p apart from other trivial 
factors. In that case wo would have obtained, 


pQo = p/sfs IT ’ *^11 = ® ’ 

^10 ~ ^01 ~ 


(4.19). 


If we do this, we can avoid the factor l/s^ in T^^ 
at the cost of making its asymptotic behaviour worse - the 
equation for h (See (4.23) in Section 4.3) becomes singular. 
¥e are at liberty to choose from the following alternativesi 
’subtract’ N at an arbitrary point T.ritb undetermined residue 



34 


or cut off the integral in (4.23) tresit the cut off 


point as a parameter, ¥e resort to neither of these and 


1+ / s ^2 


instead shift the pole at s- = 0 by multiplying Tqq by 


3 

and T(3 _o) -^cco^rdingly , 


■s~a' 


'00 




11 


11 


( 4 . 20 ) 


This does not change the asymptotic behaviour of p . 

We have verified that the choice of a in the neighbourhood 
of 0 does not change the results compared to results without 
using this device. In the following wc have written formulas 
with a = ©, i.e, without shifting the pole, for simplicity. 

An amplitude, apart from satisfying uni taxi ty condition 
should also satisfy the correct threshold behaviour and kine- 
matic constraints. 

The correct threshold behaviour for is that it 

should behave like (p)^®'min+i near the threshold. In our 

1 "^ 2 
case = 0, therefore should go as p near s = (M+m) . 

This means that amplitudes T^p should behave like constants 

near thresholds. However, our numerical calculation, with 

points in the s-plane at interval of 2 pion mass-squared, is 

too rough to say anything on this point. Similarly, an 

amplitude calculated at a finite number of points on the left 

and ri^t-hand singularities cannot be expected to satisfy 

the kinematical constraints at points like s = 0 which 

a true amplitude should satisfy. 
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We have given most importance to unitarity and 
ssnmnetry of the S -matrix and not discussed above questions 
in any detail. 

4.3 IT/D PORMAIISM; 

let xzs write the matrix T in the form 

T = (4.21), 


where F and I) are 2x2 matrices. 


¥e assume that D is analytic in the s-plane except 
for the physical cut whereas F is analytic except for the 
unphysical cuts. 


The equations for F and D, taking account of their 
analytic properties and the unitarity condition (4.17) are. 


l(s) = 1 - 


271 


/ as* 

P (s‘-s^)(s'-s) 


( 4 . 22 ) 


F(s) = / ds** (4.23) 

U (s'* -s) 

The integrals in (4.22) and (4.23) go over the physical 
(P) and unphysical (u) cuts respectively, and a(s" ) is the 
discontinuity in T(s" ) across the unphysical cut divided 
by 27ti. Fote that we have normalized 1 at Sq. 

By substituting the second of these equations in the 
first we get the following integral equation for D, 
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s-s 


D(s) =1 ^ / ds“ R(s,s*’ ) a(s'' ) D(s*' ) (4.24) 


U 


where . 


R(s,s'’ ) = I ds 




( S ' -Sq ) ( r-i • --S ) ( S " -S * ) 


(4.25), 


It is obvious that the above equation cannot be 
inverted to solve for D if the kernel is badly behaved. 

In particular R(s 5 s" ) should exist. Our choice (4.18,20) 
for p makes this possible. 


Once the discontinuity A across the unphysical cut 
is obtained, we can solve the integral equation (4.24) for 
values of D on the unphysical cut. Ihcsc values can then 
be used to obtain R on the physical cut by (4.23). This, 
in turn, determines D on the physical cut as, 


Re D(s) 
Im D(s ) 


s-s 

c 

271 : 


f ds ' 

P 


“ P (s ) R(s ) 


P (s' ) R(s» ) 
(s'-s^)(s'-s) 


(4.26) 

(4.27) 


where the letter P before the integral in (4.26) means that 
Oauchy principal value is to be taken. We shall use this 
procedure for solving N/B equations in the following section. 
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An important remark due to BJorken and Rauemberg 
about these equations for R and D is that it is essential 
that the matrix T be symmetric in order that it satisfies 
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the ;mitarity condition. If p and A a.rc given to be ssnnmetric 
then the analytic properties of H and D imply that T ■will be 
symmetric. ¥e hove verified that even in a relatively 
simple numerical calculation 'the symmetry and unitarity of 
T are very well obtained. 

Finally, we should mention that poles and zeros of 
N and D are not uniquely fixed. In particular there is the 

CO 

ambiguity due to ODD polos^ . However, as we are neglecting 

59 

the inelastic processes, an argument due to Mandelstam 
can be advanced that physically relevant solutions of N/D 
equations are free of ODD ambiguity. ¥g shall assume that 
there are no ODD poles. 

4.4 OALGUIATIOH OF A FROM PBRTURBATIOl THEORY; 

In N/D equations the discontinuities across the 
unphysical cuts are supposed to be given. With these as 
input one calculates N and D, satisfying the unitarity 
condition. 

For the input of this physical information, we use 
the simple model of p and % given in Chapter Two. ¥e consider 
the lowest order diagrams to pn: scattering and calculate 
the amplitudes A, B, etc. of eqn. (4.2). The diagrams which 
contribute to the l"*" channel are shown in Fig. 2. The 
discontinuities A for these diagrams arc easily evaluated from 
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equations ( 4 . 4 - 7 ). The unphysicel cues of 1+ partial wave 
amplitudes corresponding to Bom diagrams of Pig. 2. are 
shown in Pigs. 3 to 5 . The signs + and ~ in the figure mean 
the following; ^(cc^) ■*" side of the cut minus 

on the - side is equal to 2 Tci o. ¥e give below the A 


» /V "♦ 

CC p 

corresponding to different diagrams. 


"ap 


4.4.1 P-EXGHAKIE III TEE t-CHAmEl; 


AP 


00 


2 2 2 

( 3 ) = V (— 


A ^ 2 ^ 


)y. [--¥^'(=7-y„ ) 


P 




+ (y + 1) (i-y„ )] 


(4.28) 


^10 


4f2 wfs 


^ r s-u' 
) [ — T 
P 


4w 

IT 


4yp] 


where 
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(4.29) 

(4.30) 
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= 1 + 

P 2 p 


(4.31) 


and 


u' = 2 M^ + 2 m^ - s + 2 p^ ( 1 - 3 ^^ ) 


( 4 . 32 ) 
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4.4.2 Tt-EXGHAIG-E IE THE u-GHAMBl’. 
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(4.33) 

(^-54) 

(4.35) 


(4.36) 


It is interesting to note that because of the light 
mass of the pion, a part of the unphysical cu.t lies entirely 
within the physical cut. This happens because qtz -*• 37i is 
kinematically possible. Such a situation can occur if we have 
unstable particles. Such cases need special attention in a 
purely dispersion theoretic approach, Vork ia this direction 
has been done by Ball, Erazer Nauemberg^^ and others^^. 

A detailed treatment of such a case is not within the scope 
of the present thesis. In solving the B/D equations we shall 
therefore include only the cut from - » to 0 as belonging to 
the unphysical cut, the amplitude all over the physical cut 
being determined by the N/D equations. 
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4.4.3 SCiLLAR-EXCSHAlTGE 1 ^ THE t-CHMFEls 


Corresponding to diagram (c-) in Eig. 2, we have, 


^ 00 

(s) 

2 2. 2^2 2 

= - ^ . ) 

^ Ms ii m 

(4.37) 

10 

(s) 

= V - %") = ‘oi 

4f2 p M\s 

(4.38) 

^11 

(s) 

(1 + ) 

P 

(4.39) 

Nm 

= 

2 

1 + ^ 

2p 

(4.40) 

\x is 

the 

mass of the scalar particle. 



4.5 SOLUTION OP N/L EQUATIONS m> DISCUSSION OP EBSULTS; 

In order to solve (4.24) numerically we first convert 
it into a matrix equation and then solve for D on the left 
hand cut by inverting the matrix. N on the ri^t-hand cut 
is then evaluated from (4.23). Prom the knowledge of N on the 
right-hand cut, D is evaluated on the right-hand cut using 
(4.26) and (4.27). An outline of this procedure is given in 
Appendix Three. 

¥e calculate in units of the pion mass. We choose 
as well as a to be equal to one (cf. (4.20) and (4.22)), The 
amplitudes obtained are shown in Figs. 6,7 8 disconti- 

nuities due to diagrams shown in Pig. 2 calculated in the model 
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Fig. 6 (2 tt)^ obtained by solving N/D equations. M q 
mass is taken to be infinity, s is in units of pion 
mass.Im ^11 'S too small to be shown. 




Fig -7 (2 tt)'^ T^I 2 with Mq mass six times the rho mass. 
Im ^11 ^00 small to be shown. 




.0 

i 

Threshold 50 60 70 80 

Fig . 8 (2Tr)'* with Mq mass twice the rho mass. 

ImTii is too small to be shown. 



Total cross-soction J^(I)=r(1) channel 
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Fig . 9 Cross-section (in poin mass units) as a 

function of s obtained from amplitudes of 
fig. 8. A-j mass region is about s=62. 
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discussed in Ghaptcr Two. Tlie3'' corrosuond respectively y to 
c.^su'S in which the 'iiass of is toJe^n '^o bo infinity (so 
that the cuts shown in Pig. 5 Q-ro cntiijlly omitted), 
six times the rho mass and twicf' the rho mass. There 
is very little variation of amplitudes x-rith the mass. 

In Pig. 9 we plot the ps.rtioJ. cross-section in 1*" 
channel near 1.1 GeV. Evidently then, is no pea-k. 

To confirx'a that thi' re is no characteristic resonant 
variation of amiilitudos, it is sufficient to observe that 


j3 ^ ® ^ ~ ( s - + iMj^ r) (®) 


(4.41) 


which would vary slowly near s = if there were a pole in 
the second sheet at - iW^r , do not vary slowly. ¥e do not 
find 8'i;^p(s) vo-r'/ing slowly for a tyniccl va.luc like 1.1 GeV for 
and 200 MoV for r . 

The some calculation can be dm e with Bardakei model 


couplings. Apart from p and % cxcha.ngG& , we can have 
itself in th ■ u-chnnnel. exchange gives left hand cuts as 

shown in Pig. 10. Omitting the contribution of scalar exchange, 
which X'To know from previous calcula,tion causes little change, 

Wo got amplitadcr- shown in Pig. 11; end cross-section in 
Pig. 12. The- itjsults arc qualitatively the same as for 
previous calculation. There is no bump in cross-section and 
g^^(s) vary a.npireciably in the region under study. 
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Fig. 11 (2Tr)'^ obtained by solving N/D equations 

in Bardakei model. 


i, i. * . ' s * 

CEHliiAl ^ 

•* „ 6 ^ 508^4 

acCi. 4 a 
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Fig. 12 Cross-section ( in pion mass units) as a 

function of s obtained from amplitudes of 
fig. 11. mass region is about s = 62. 




53 


In the above calculation we he.TC chocked the following 
po in ts carefully s 

(i) is e conjugate S37inmetric function in its domain 
of analyticity^ in particular^ real on the nega.tive real 
axis. ¥e find that in a typical calculation the ratio of 
imaginary part to the real part of 1^. ^(s) on negative real 
axis is of the order of lO"^^. 

(ii) (s) is real on the right hand cut. The ra,tio of 

“7 

imaginary part to real part is less than 10 in a typical 
case . 

( iii ) T^^ (s) is symmetric to a groat extent. In the calcula- 
tions done with the model of Chapter Two, the maximum value of 

|T^q - Tq^I / 1 T^q + Tq^I is loss than .05. This is indeed quit 

good when wo realise that our calcu3.ation is quite coarse, 

with only six points on the left hand cut for gaussian 

quadrature. For calculo-tion with tlio -lardnkci model, however, 

the symmetry is not so good. The corresponding ratio is of 

the order of .15. ¥e realise that the symmetry of T^^ 

57 

depends on the exant analytic properties of D and IT. With 
additional cuts duo to exchange, end their approximation 
numerically, it is understandable tlia/b symmetry is not so good. 

We could have improved it by making the computation finer j 
but we have not done so. 
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(iv) Unitarity condition for the am_olitudos is very well 
satisfied. We have calciiLatod the two eigenvalues and 
X 2 of = 1+1 (2-n:)^ as a function of s, and found 

that their modulus is very near 1. For example, for amplitudo 
shoxirn in Fig. 8 the maximuiu difference of jx^l or from 1 

is less than .06, for amplitudes show:, in Fig. 11, it is 
loss than .02. 

In the ond, we would like to omphasizi' that our aim 
in the above cal.culation has been to soo vrhether the lowest 
order pir amplitudes in gauge theories when unitarizod by 
h/l) formalism produce a resonant bel.aviour for We find 

that they do not. It is possible to do this calculation at 
much more sophistica^ted level, for example, by continuing in 
the- mass-variablo of p to take account of its being unstable. 
¥e have not done that. Another shortcoming of the present 
calculation related to the previous one is that X'fe have 
assumed elastic unitarity for pm sca,ttcring. Over and above 
all those, thor^ is of couiso the question whether the lowest 
order amplitudes in perturbation theory X'fith strong coupling 
arc any good as input, that is, any approximation at all to 
the real amplitudes. Our hope is that at least qualitative 
features of strong interactions are not lost in perturbation 
theory. 



CH/JTER PI^TT, 


In this chapter we shall briefly review the various 
attempts to study the hi^ ener£,y behaviour of Peynmaji diagram 
in field theory. To a limited extent we shall also discuss 
the calculational methods used to determine the asymptotic 
behaviour . 

5.1 HIGH EHERGl BEHIVIOUR OP PETHTILF DlfGRilK IK 
PERTUIL3iiTI0K THEORY; MOTIYi.TIOF 

In any theory it is of interest to find the behaviour 
of physical quantities of interest zs some varisbles, on which, 
it depends, tai-ce on limiting vaiueo. It is all the more so in 
perturbation theory because theiu is a possibility that, 
order by order, some regularitj?" ma;?' be found, which can be 
generalized bo all orders and sojiIC meaningful statement may 
be made about the total amplitude. 

i. considerable impulse to s'budy the high-energy 
behaviour of amplitudes in quantum field theory came from 
the generalization'^ ~ ^ of Regge • c fundamental work° ’ ' 

in non-relativistic potential scafetering. Regge's result, 
generalized to relativistic case, avoids the usual difficulty 
of bad high energy behaviour in field theory when higher 
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spin particles are exchanged, hy providing a high energy 

/ -h ^ 

"behaviour of the type c(t)s . ±f for physical values of the 
momentum transfer a(t) can decrease to a value ^ 1, the high 
energy behaviour is good. One con conjecture that all bound 
and resonant states are Regge poles. Experiment allj?', such 
a hypothesis has fared ver;?" well. Theoretically, one may 
try to see xiiether high energy beha^vioinr of the Regge type 
is obtained in the amplitudes ir field theory. When a given 
elementary particle - by which vo simply mean a particle 
described by a field in the theory •' does exhibit such a 
behaviour we can generally say that it 'Reggeizes’. 

63 

It was shown by G-ell-Ma,nn and Goldbergor ^ that the 
nucleon caiinot be treated as a, R‘\jge pole if we consider 
nucleon-pioii interaction of the p,o-'ps tj^'pe. However, if 
we replace the pion by a neutral vector meson, then the nucleon, 
upto second order considered by yiem, Reggeizes. Apart from 
the characteristic hi^n energ3'' behaviour, there are other 
conditions to be satisfied for a. particle to be a Regge pole. 

The conditions have been widely discuss ed^^”"^"^ but we shall 
not go into the details. 

Becamse of its simplicity, a considerable attention 

3 

has been pahd to the x<{) theory to study its high energy 
behaviour. It was found that ir' a three boson field theory, 
the Bethe-Salpeter amplitudes in the ladder approximation give 
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7R 

Re gge -behaviour. The same is the case with scattering 

amplitudes'"'’ for some special classes of diagrams. Later, 

Regge hehaviour was obtained for ev. n wider class of 

diagrams ~ It was pointed out b3r Truemam and Yao that 

merely sximming the series of les'ding terms of each order 

is not sufficient, as was done "oy previous authors. Sometimes 

the next ,to leading order amplitude, when simamed to all orders 

in the coupling constant, destro^^s the Regge behaviour. 

However, when all graphs of a well defined class are added, 

06 

the Regge behaviour is restored.^ 

It must be emphasized tha.t Regge behaviour obtained 
by summing ladders or other suitabljr chosen subclass of dia~ 
grams was only a partial success. Regge pole model is, 
after all, based on an intuitive generalization of non- 
re 1 at ivis tic potential scattering. There are other models 
which also have their roots in potential theory. Ror example 

87-.0O qo 

the so-called 'droplet' model or eikona.l model. These 

models predict high energy behaviour different from Regge 

behaviour. To test whether these generalizations from non- 

relativistic domain are justified, one can study the field 

theory and see what it predicts. The most well established 

theory both theoretically and experimentally, is, of course, 

91-95 

quantum electrodynamics. In a scries of papers Cheng 

and ¥u thorou^ly examined the high energy behaviour of 
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various processes in quantum electrodynamics. They found 
that the ;Co 35 -Tard elastic electron -electron, electron-positron, 
electron-photon and phot on-photo]\ scattering amplitudes with 
two photon exchange at large s ^o like sf(t) at fired t. This 
result was generalized to include tiiultiphoton exchange 
processes^'^”^®. It was found tiiau it is neither the 
Regge-type behaviour, nor the droplet model form that 
craerges^""''^'*^^. The asymptotic aiuplitude cannot be reconciled 
with Regge-form without introducing complications, in parti- 
cular, the Pomeranchuk trajectory' cannot be a pole with 
factorizablo residues. The result can rather be described 

in terms of the ’impact diagrams’ which represen'b the high 

106 

energ 3 r process. 

Recently there has been a roviva.1 of interest in the 

study of high energy behaviour o C field theories. To a 

large extent it is due to the roa.lization that spontaneously 

broken gauge theories are renormaliziable , and therefore one 

expects a good high energy beli.-viour in them. In 1974, ilieh 

and Yao^’^'^ pointed out some miracrulous cancellations that 

take place in higher order diagraras of a Yang-iiills theory, 

3 

as a result of which the high energy/ behaviour is like sin s 
and sln^s to sixth and eighth order respectively. This result 
seems to be in error, as was pointed out by McCoy and 
the behaviour is even better than that: The leading part to 
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sixth, order goes not as sln'^s but se sin s. A number of 
calculations^^*^"^^^ have since been done and verified the 

-j n fs ' 

latter result. Tyberski has fornd that in fermion-fermion 
scattering, the amplitude upto sj-nth order can be written 
as the first three terms of 


I = I 

Born 2^ 
m 


(5.1) 


where 


rn S __i — 

^Born ~ 8 2 . 

U u 


2 ^^c.^inji^ ^^a^ip,i. 

m 15 2 4 


0-2 o 1 1 

P( t ) = ( p ~t ) J c rg J 

Sx o ■■ o 


da. 


6 ( a^+a^-l) 

2 

(-t) a^a2 1^ 


and SI.TC isospin matrices. 


This is typical Regge behr'^^iour. Thus the result 
suggests that the vector boson iji renormaliaable non-Abelian 
gauge theory lies on a Regge tra.jectory with a;(t) = l-P(t) 

p 

which become.'! i at t = p , the vector boson mass. There is 
further support obtained from the study of factorization 

“I •T 

properties of amplitudes. ^ 

111 

L similar result is found b^'- lo and Chong upto 

112 

eighth order in fermion -fermion scattering and bjr Yeung 
upto eigf'' order in both fermion- -fermion and boson-boson 
scattering. In particular the existence of Regge tra,jectory 
is seen to be insensitive to the details of spontaneous 
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syiametry breaking as Yeung has verified by calculating in 
several models. But that does not ueon that spontaneous 
symmetry breaking is irrelevant. On the contrary, in all 
these calculations the entire machinery of spontaneous symmetry 
breaking is required to produce the subtle cancellations 
necessarjr for Reggeization to occur in non-lbelian gauge 
theory. 

In conclusion, it seems tha;o non-lbelian gauge theories 
have very interesting high energy behaviour and open up a 
place to study qualitative pheno ;cna at high energy which 
may be of value for providing some insight into the hadron 
interactions. 

5.2 HIGH EKBEGY BEHAVIOUR OE EOIYPUHT DIAGRAMS; METHOD 

In this section we shall discuss briefly the calcula- 
tional method used for obtaining the high energy behaviour 
of Feynman diagrams. 

3 

Fi rs t , for s implic ity c oiio i d e r the x d the o ry . The 
amplitude corresponding to a Feynjaon diagram can generally 
be written down^^'^’^^^ in terms of Feynman parameters a 
after the loop integrals have been performed as 

F(s,t) = / / da^..daj ‘ ^^TllS-l I o:-l) 

00 [DCs, t, r)J 


(5.2) 
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where 5 D(s 5 t, cc) is of the form 

©(Sjt, a) = f(a)s + .;i,(c)t + h(a) (5.3), 

1 is tho number of loops and I t>e number of internal lines. 

In ( 5 . 5)5 fj S h are polynomials in a^. 

Evidently, for any e > 0 , the re^'ior of integration in a 

space defined by lf(o:) | > s gives an asymptotic contribution 

of the form s " . Thus the strongest asymptotic contribution 

for s -»■ 00 comes from an arbitr-arily small neighbourhood of 

the surface defined by f(a) = 0 . TiJctopoulo s®^ hab used this 

3 

fact to ev 8 . 1 uate the asymptotic behaviour of X 4 ) theory. 

By his method the asymptotic benaviour c«n be directly obtained 
from the topological properties of the diagram, because f(a) 
will depend on parameters cc accordingly. 

One can apply the technique of Mollin transforms with 

great advantage to determine the asymptotic behaviour. This 

84- 85 3 ( 

was done by Bjorken and ¥u , Trueman a.nd Yao and Polkinghorne 

The situation becomes a lictle complex when one consi-- 

ders spin. The straightforward application of the methods 

used for spinless case lead to quite involved formulas^^^ I 

New techniques have to be used and here the network analogy and | 

118—1 PO 

graph theorj have been found to be very useful. i 
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Intimately connected with, fie probleii of finding the 
asymptotic behaviour of a particular diagron is the problem 
of classifying the diagrams accord 3-ng to their asymptotic 
behaviour. ¥ith increasing orcei in perturbation theory, 
the number of diagrams increases. Ve shall not discuss the 
details of beautiful topological methods devised b^" 
liktopoulos and lam and lebruif 

In gauge theories we have b three fold increase in 
the complexity of the problem cO'.''prrGd to spinless ca.se ; 

(i) there is complication due to snin (ii) du? to derivative 
couplings end ( iii ) there are enorj.>ous number of dia.grams 
because of a, large number of couplings. 

It is here that the 'in.dinite momentum technique’ or 

97 

the ‘momentum space technique’, iMrst used by Chang and Ma 
and later amply used by McGo?/ and 7u"'^'S com^s very handy. 

Is we shall use a variant of fnii rit;thod in the nezt chapter, 
it may not ho out of place to il-lustrrte this method b^^- a 
simple ezamule. 

Suppose the amplitude is ■’Titten, 

/ ( 5 . 4 ) 

H [ (p. + k)^ - m. ^ + lej 
i 

where p's are external momenta, and 1' is internal momentum. 
For fixed momentum transfer and large s, the external 
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momenta will have high momentum in, say, +z or ~z direction. 

If p has high momentum in +2 direction then p = p + p-^ = 0 {\[ 3 ) 
and p = p - p-^ = 0(l/’fs). Similar Ij^ for other momenta (See 
Ippendix Pour). 

Write 5 

(p.-i-k)^-m. ^ + i£ = (p."' + l-'^)(p. ” + k~) - (p. + k 

XX 1 1 L. 

- m^ ■ ■ + ie (5.5). 

One now puts a. cut-off on ]cj_ and integrates over k 
keeping k~ fixed, closing on the po3-es of the integrand of 
(5.4) at 

^(i") “ ^1 ~ (5.6) 

The main point is that p^ ” E'^re all either of 0 {^[s) or 

0(17^8). Therefore for k~ greater than the greatest of p^~ 

all poles (5.6) lie below the real line in k"^ plane, and, for all 

k” less than the smallest of etbove. Thus only for k~ 

in a, finite region, when some polor lie above and some below tho ! 

4* 

real axis, that the contribution of k integral is non-zero. The 

4. 

k integration performed - it is just a matter of collecting 
residues - the k~ integration ranges over a finite segment. 

One now expresses the asymptotic expansion of the integral, I 

which is obtained easily as we have a single integral over i 

a finite range, k, still having tho cut-off. (In the general ‘ 
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case we have a finite L-tuple inoc^ral if there are 1 
integration momenta. Compare this with Pejrnman parameter 
method where there is one parajaeter for each internal line). 
After the limit s -»- «> is taken and a.s;rmptotic formula obtained, 
one lets k^^ go to " . Usually, oven if ; divergent 

for individual diagrams, divergences cancel on adding all dia- 
grams of a given order. 


This method has obvious lack of rigour. In particular, 

s “ being taken before kj_ integration cannot be justified 

ma,the ma tic ally . However, so fa^r the calculations based on 

123 

it have given consistent results Because of its enormous 

simplicity it has recently been applied with great success in 

formion exchange process in mas-iivc cloctrodynamics to calcu- 

122 

late asymptotic behaviour of amplitude upto 12th order, 

5.3 EEMAR[CSi 


¥e shall make a few remarks before concluding this 
chapter. 

In the above brief review of an extensive literature, 
we have omitted works on high energ;’’ behaviour where the 
limit s “ is taken without keepijip t constant. These 

125 

omissions include the very important work of Ueinberg and 
its elaboration^^^"^^^. They consider the limit when all the 
four components of the four momonoinn become high. Similarly, 



65 


we have omitted the works on fixed angle ligh energy 
127 

behaviour. 

In sections 5.1 and 5.2 we have described the hi^ 

energy behaviour of two particle elastic scattering. V7e have 

not been able to find much discussion of high energy behaviour 

12S 

of production amplitudes. Halliday and Polkinghorne 
considered bosons interacting via Yukawa interaction. By 
sixmming ladders they find Regge pole bsha,viour of production 
amplitudes. The asymptotic amplitude depends on the way 

129 

kinematic variables are taken to infinity. Cheng and ¥u 
have studied the high energy pair production and bremsstrahlung 
in quantum electrodynamics. Their results confirm the 'impact 
picture' they found by studying the high energy scattering 
process in quantum electrodynamics. 

In the next chapter we shall use a variant of the 
momentum-space technique to study in detail the high energy 
behaviour of scattering as well as one particle production 
amplitude at the one-loop level. 



GEAPT3R SIZ 


In tills chapter we shall (flicuss a genereJ. formalism 
for the asymptotic behaviour of oiie-looi-i scattering and one 
particle production Feynman diagrcma. In section 6.1 we 
express the scattering amplitude "i.n terms of asymptotic 
parameters Iceeping the transverse part of integration momen- 
tum fixed. In 6,2 topological properties of one-loop scatter- 
ing diagrams are discussed, and one-loop diagrams are divided 
into five classes A, B, C, D, E. A theorem is proved in this 
section for diagrams of class (A), which greatly facilitates 
the determination of their asymoto bic behaviour, discussed in 
section 6.p, ¥e discuss the asymptotic behaviour of diagrams 
of other classes in section 6.4. 

In section 6.5 we consider one-loop production graphs. 
As in the case of scattering' graphs, they are classified, 
and for graphs of class analogous to the class (A) of scatter- 
ing graphs, an analogous result is proved. The asymptotic 
behaviour is obtained for productio:'! graphs in section 6.6. 

The results obtained in tbic rather long chapter are 
summarised in section 6.7. 



67 


6.1 GSIERAZ. EXPRESSION POR THE iillLITUDE OF OHS LOOP LIjiGRAMS? 

In general the amplitude I'l x er a given one-loop Peynman 
diagram can he written in the forr 

h = / d^k nd“^ (6.1) 

where n is a polynomial in the external momenta and the internal 
momentum k, end d is of the form, 

d = il [ (p. + k )2 _ 2 ^ 

i=l ^ 

Here H is the number of internal lines, p^ is the flow of 
external momentum in the i-th line, end is the flow of 
internal (or loop) momentum through the i-th line. As there 
is only one loop, k^^ is of the form, 

k^ = a^k 

where = 0 or + 1, 

It is iminrtant to emphasize-, here that the line for , 

I 

which 0 ^ = 0 gives an explicit de]_Knidence on external momenta, i 
and therefore the factor (p^^ - ) can be conveniently 

included in the numerator as far as our analysis is concerned. | 
It has the advantage that (p^^ - ') gives us the complete i 

dependence on s, and not an approximation which it might in the' 

I 

general anal 7 fsis. However, in the following analysis we donot i 

j 

make this assumption, though for calculation we shall always ; 
factor out such explicit dependence. - ; 
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As siiown in Appendix Four, tlio longitudinal parts 


p of external momenta can be 


^Titten as, 


Pi 




4 “ 


i 

where a.re real constants and are fimctions of p^^ 

which tend to a constant as s ® , 

Introducing parameters for the internal lines, we 
can write d ^ in the usual manner as, 


,-l 


(_i)^^ ( n / da^) exp [i 5! ( (Pi + l^i)' 

i=l 0 i=l 


F 


F 


+ ie)] 


( 6 . 2 ) 


Writing; 


IT 

I 

i=l 


Ci [(p^ + lv^)2 - + icj 


as 


I Pi"*" + ak'^k + k'*', 

i 


+ k“p^ - I - ie) 


( 6 . 3 ) 


where 


+ 

V 

r = 

> a. a. p."" 


i 

a - 

I (ap2 cc 

1 


and 
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= (pi + CT. k, )‘^ + . 


i - 


Let tlie numerator n in (6,3.) Lc xvritten as. 


-mn m_ mm^m. 




(6.4) 


where m, niL|,; are integers ancJ are functions of 

'* ' 4 ~ — 

external momenta and which are of 0(1) as s->-«> with t 
remaining constant. 

With these expressions for n and d (6.1) becomes. 


2 ^mn^m_ 


/ d^ k. / dk"^ / dk“ ( n da . ) 

• IL 


min, m 


(irs)“ exp [i I 


'■i Pi Pi 


+ iak’^k" + ik'^p" + ik - i I a . ( A - ie)] (6.5) 

i 


We put a cut-off or the transverse part kj of loop 


momentum anc? integrate over k a-nd ^ using. 




/ dk'^(k^) exp [ik'^(ak“ + = 2x(-i) 6 ^ ( ak" + ■' 


(ffij.) _ 

/ dk" F(k ) 6 ' (ak + p") 


(-l)"^ a-1 ?(k) 

ak 


where 


ak" + g 


F(k) = F ( ) . 
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The result is 


M 


= L_ „ ( H da.) X 


ti3m^ni_ r=0 


inin_,_m \ h y \ h y 


X ('(s)^ exp i[ I 


+.^ - 

1 -'i 


3«. I o 
a p p 


I - is)] 


( 6 . 6 ) 


whe re 


ia4.+m__ 

°mm+Bi_r =>'(-i)’{-l) (i)’ 


m, / m / 


r.' (m -r)/ (m_-r)/ 


X 


a 


mm. m 


( 6 . 7 ) 


6.2 CLASSIPICITIOF 0]? OHE-IOOT 3CiLTT...RIhG DIA&RAIiS.; 

When we consider the high £norg 3 r behaviour of a scatter- 
ing graph for a process 1 + 2 ->■ 7. + p;s "’'5 find that it depends 
crucially on the way in which the external momentum can be 
distributed in the graph. As shoTui in Appendix Four, when 

i 

s ->■ <» aii(3 t remains fixed ^ the p"^ = "t component of 

external momenta corresponding to particles 1 and is very f 

T 

large (of the order fs). Similarlv, the p component of ^ ^ ■ 

and 4 is of order Vs. The conservation of external momentumf 
at each vertex demands that there should be a continuous path 
from the external line' corresponding to particle 1 to that 
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correspondinj, to 3 such that only ok lines i of this path 
p^"^ is of order fs. Similarly, there exists a path from 
external line £ to 4 such that onl;’’ on lines of this path Pj^ 
is of order ''7:;. ¥e shall call these paths as 1~3_ - path and 
£-^-path. 

For a particular graph the way its amplitude behaves 

as s 00 depends, among other things, on how the 1 - 3. ~ Path 

and 2 - 4 - path can be chosen. The topological properties 

i 

of these pahhs are characterizec loy numbers and a^. 

For our purpose we can classify the one loop scattering 
graphs as graphs for which it is possible to choose the flow 
of external momenta in such a way that, 


(A) 


(B) 

(C) 

(D) 


(E) 


^i ^i ~ 0 for all i, a.nc, there exists k and j such 

that ^ 0 and ^ 0, 

^ 2 ^ ~ ® = 0 for 

all k or a- = 0 for all j or both, 

J J 

thei-e exists an i with ,f 0? either 

a- 

=0 for all k or Cj X_ =0 for all j. 

there is an i such that ^j_ ^ 0 , Xj_ =0 

for all i, and there exist k and j with Xj^"^ 0 

and s • X . j!^ 0 . 

J J 


there exist lines i, k, j such that, 

X^ 5^0,0^ Xj 7^0. 



X . 
1 


^ 0 , 
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As the source and sink of (i.e. of order fs) p"^ 

or p~ momentum is fixed, the arbitrariness in the choice of 
distribution of external momenta, comes only from choosing the 
internal momentum in different which can be removed bjr 

a translation of the integration var-iable k. Thus the above 
classification is in fact independent of the actual distribution 
of momenta in the internal lines. Put differently, and, per- 
haps, in a less clumsy manner, the diagrams of class (A) to 
(p) correspond to those in which 

(A) paths 1-3 and 2-4 can he chosen to have no line 

common to them (we call the paths 1 ~ P. 2 - to be 

•disjoint’ in such a case, though they may have vertices 
common to them), and both the paths have at least one 
line of the loop. 

(B) Paths 1-3 and 2 -• 4 cni hu chosen to be disjoint and 
at least one of them does no 'j pass through the loop, 
i.e. does not have a line belonging to the loop. 

(C) 1 - (3 smi.d 2 - cannot be chos'^n to be disjoint, but 
the line they have common co'i bo chosen to not to belong 
to the loop. Also, at leasr one of the two paths does 
not pass through the loop. 

(D) 1-2, 1 “ 4. pass through the loop and have • 

necessarily a common line, though the common line does 
not belong to the loop. 
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(E) In wiial^ever way the paths 1 - ^ and £ - 4 are chosen, 

they pass -through the loof' rnd have e line common which 
belongs to the loop. 

typi' o. p 1 diagrams of class (i--) to (B) are shown in 
Bigs. 13-16. 

¥e shall see that the most important class, as for as 
leading high energy "behaviour is concerned, is tne class (A). 

Bor one— loop graphs of this class W'% have the xol3.owing tneore ■ , 

Theorems B'or graphs of class (A) there is exactly one Ic and 
one j with 0 and a^. 0. 

Proof j Let us suppose that there a :’0 k and k' for x-rhich 
a- X + ^ 0 and X, / ^ 0, Tlicr lines k and k' both lie 

on the 1 - 2. path. As and cr^^, are non -zero k, k* also 
"belong to the loop. Similarly, Irnc j beloiigs to the ^ — 4:. 
path as well as the loop. Since a path is al''‘'ays la.neaily 
ordered, tho lines in the path 1 •• p, get divided into three 
sets, those that lie bet^-reen line 1 and, say, k,- those 
betx-^een k and k' , and those betwe.-n k’ and 2. If there is no 
line between k and k' , then k and h= have a common vertex v. 
lines 1 and 2 cannot be incident on v. B'or can any other loop 
line do the same, as there are txro and only txfo xoop lines at 
any vertex in a loop and k and k’ are already incident on v. 
Thus 3, being a loop line, does no'u join v. Since k, k' and j 
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1 


Typical diagrainB oi Class (D) (first five) 
and the only diagrazn of Class (E). 


Eig. 16 s 
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all belong to the loop, all paths ( aiic’ there are exactly two 
of them) joining v to either end point of j have to include 
either k or k* . As = 0 for each i, 2 and 4 cannot 

be incident on v. Thus v cannot bo joined to any external line 
by a path other than passing throiv^h k or k'. As none of the 
extemail line and none of the loo;' lines other than k and k' 
is incident on v, there is (for there have to be at least three 
lines incident on a vertex) a lino i without loop momentum 
incident on v. As both the ends oi any intei-nal line of a 
connected granh are joined to some external line by a path, 
the other end of £ can be joined to a vortex on which one of 
the external lines io also incident. Thus a path can be found 
from V to one of the external line... . If this path does not 
contain k or k’ , then we have shown tie existence of an 
independent loop, namely joinin_, v to say 1 through two paths? 
one including £ the other includin',, k. If this path does 
contain k or k' , then again, an independent loop exist, because 
V will fall again on the path, foning an independent loop. 

As there is onl 3 ?- one loop in the diagram, the result follows 
( for this case) . 

When there exist lines beti-Tcen k and k* on the 1-3 
path, there exist vertices v^^ and v^., which are one of the , 

end points of k and k* respectively , and on xfhich 1 and ^ ! 

i 

are not incident. Vj^ and v^i are coimectp'd by lines of 1-2. p£ t 
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Vj^ and are also connected by a natli containing loop momen- 

tum as both of them belong to the loop. For a graph contain- 
ing only one loop there can be just two independent paths 
containing tifo vertices of a loop, and both these paths 
carry loop momentum. Thus there exists a line k" distinct 
from k, carrying the loop momenturi, belonging to 1 - 3. path 
and incident on V|^. The argument of the previous paragraph 
applies here with vertex v^^ as the vertex v of that paragraph. 
The result follows for this case too. 

An exactly similar argument holds for there being just 
one j with 0. The theorem is thus proved. 

In the next section we shall find the asj^mptotic 
behaviour at hi^i energy of the amplitude of a graph of 
class (a). 


6.3 ASYMPTOTIG BBHAVIOUPl OF OKF POOP SCATTSRLYG GRAPHS OP 
GLASS (A): 

By the theorem proved in the j)revious section the 
amplitude (6,6) for a graph of clams (l) takes the form. 


^mm m r [ ^ ^ *^mm m r 

+ — J 1 4- — 


r“m+-m_-l 


, ,m+"r , „,m„“m 4 . ,m+-r , ,m_~r 


M— T* r- —1 . r / ^ 

s exp [-ia a^. s - i I 


( 6 . 8 ) 
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whe re , 

V, . e a X O' • X ■" 
kj k k ""o J 

is either +1 or -I, and 

M = ^(ra_j_ + m_ + m) 


( 6.8a) 


(6.8h) 


is an integer by lorentz invariance of n. ¥e have also 
neglected terms of order l/fs in comparison to V's. 

As s -> 00 , the contributior in (6,8) comes mainly from 
the neighbourhood of = 0, = 0. The asymptotic behaviour 

of (6,8) can be found out by using the Mellin transforms. 

(See Appendix Five for some useful foimulas). 

We note that the Mellin transform of a function like 

exp ( -as ) is 
00 

/ exp ( -as ) s ds = a"^' r ( z ) (6.9) 

o 

■where 

a > 0 . 

In (6,9) we can let a take complex -values with Re a > o. 
Howevers the continuation of values for Re a ^ o is not unambigu- 
ous because of the logarithmic branch cut, which, as is the 
common practice, we take along the negative real axis. In 
finding the asymptotic behaviour of the amplitude we encoun- 
ter an expression like exp (ias) occuring inside an integral 
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over real values of a, looking closel3?' one finds that using 
the analytic property of the intepranc' one can shift the 
contours in such a way that exp (las) is brou^t to the form 
exp (-bs). One can then take th: xiollin transform without 
ambiguity. 

Coming back to (6.8) we realise that in the a-planes 
one can deform the contour = (0, «) to any other between 
these points as long as Re ^0 and <_ 0, for any i. 

Is the contribution at large s comes mainly from 0 

and a. 'v. 0, we first neglect a, and o: . in a. Fext we discuss 
J J 

the cases when > or < 0 sepaxrately. 

6.3.1 = ~1 OR THE CASE OP PlifTAR GRAPHS i 

In this case we rotate the contours (0 1. “ > 

i ^ k^j) to run along the negative imaginary axis. Writing 

“i = 
we find that 

M = y / d^^i 0^ ( n' / dy.) 

^^m r •’ J- mm.m r ^ . i ^ 

+ - +“10 

X (y» )^~“+-m--l exp [~ I y. (A.^ - is)] / da^ 

i o 

" m. -r 'll -T -.rr n 

X / da^ (ttj.) (a^) " ^ exp [-(y' 


( 6 . 10 ) 
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■where 


G - C 

mm m r I 

Hr 


(-1) ^ 

(~i) 

m +in 


(-i) " 

+ 

r / ( 

m -m. 

ra, -r 


-1) ‘ 


+ - 


(a. xT) 
^ d 2 ^ 


m -m 


-f 


/ m/ 


a 




J ? 


y' s r ^1(^1)^ 


(6.10a 

(6.10b) , 


and a prime on n or J denotes that i 4^ k? 3* 

i i 

The Mellin transform of (6,10) is 


M(z) . /"m ds = ( f r«yi’ 


r r . 2 . , s z+M-nn-m,.-! 

= exp [- \ y. (a. -ie)j (y' ) ^ - 

1 

X (4 2)Z+M-»4.-1 ( 2)Z+H-m_-l 


m, +m 
+ — 


X r ( r( exp [ iTt(z-i“M - ^ 

(6.11 ), 

'Where in the above we have also carried out the a,, a . integra- 

m j 

tions. 

6.3.2 vjj.^ = 1 OR THE CASE OF NOH-PIAHAR GRAPHS s 

In this case we rotate all the contours 0 < a. < “ 


1 -■ 


to run along the negative imaginar3/- axis, to get, 





J 


M = 


y r d% ( n' / dy. ) 

^nua.m r J ^ mm.ri r . ^ i 

+ - + - 10 

3^ (y* exp y^ - is)] / dy^, 

1 o 


«» m -r 

J <35'j (?],) (yj) 

- yj, 4k^ -yj i/] 


M~r r , I ^ -1 


s 


.s 


exp [-(y' ) yj^y^ 

( 6 . 12 ) 


where 


G‘ 


mm, 51 r 
+ “* 


m +m 

= iTt (-1) + - {-I'P 


m_|_/ m£ 


r/(m_^-r) / (m__-r) / 


a. 


'mm, m 


X (cTjXp) 


m -ra. 


(-1)" 


(6.13). 


The llellin -transform of (6,12) is 


M(z) 


y /dk, G (n /dy.) 

%m . m r >' i mm , m r ^ . j 

X exp [- y' yj_ (Aj_^ -ie)] (yi 

X (A^^2)Z+M-m^.-l ^ ^_2)Z+M-m_-l 


X r ( -z -M+iii_j+ 1 ) r ( -.'^ -I' ]4-m_+l ) 


(6.14). 


¥e are now in a position to discuss the asymptotic : 

behaviour of expressions (6.11) and (6.14) which are, respectively) 
the Mellin transforms of the amplitudes of planar and non- 
planar graphs of class (A). The asymptotic behaviour of M as 
s , depends on the poles of (6,11) and (6.14) in the z plane. 
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According to the theorem quoted in Appendix Pive, the leading 
asymptotic heheviour is determined ny poles lying in the region 

He ( z+m-r ) > 0 (6.15) 

and having their real parts as small as possible. 

The poles of r( -z+H-hii_^+1 ) lie at 

z = n_j_ + 1 - H + m_j_ (6.16)5 

where n_^=05l525.... 

The poles (6.16) automatic ally satisfy (6.15) as 
r - m_^ j< 0. Of these poles, those which are left most ■will 
be called the 'contributing poles'. We have the following case= 


6.3.3 m^ < m_ ; THE CONTRIBUTIHG POLE IS AT z = l-M+m_^; 

The asymptotic expression for il, using the theorem given 
in Appendix Pive, is 


M s y (V's) 

^mm , m r ^ ^ 

"T* 


m+Am-2 f -Pif 


/ G- 

■' 4- mm^m_r 


, . 2^-Am , y /•“ , w t ',-max(m. ,m ) 

( A . ) ( n / dy.)(y ) ^ exp [■ 

i o 


r 




(v^^. =-1) 


1 

(6.17) 


where 


Am = jm.-m_ 


m_j_ / m_ / (Am--l) / 


[ % 


r/(max (m_^,m_)"r)i’ 


a.. 


mm_^m_ 


(6.18) 5 
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for v-| . = -Ij end 

j 


M = 


^uira^ia_r ^ ' 

,2,-^ 

Cl JiL^ 

i'm._^m_r 


( . 2>,--Am , n' f" j 

X (a- ) { 1 / dy 

i)(r 

, ^•-oiax(m^,ru_) 

^ 0 



2 

X exp [-p 3"j_ (Aj_ - 

is) ^ 



(6.19) 


where 


("I)"* 


-x^in 


X 


m./ m / (Adi~1)/ 


r/(max (m, s,ni )-r)/ 

nr “ 




for the other caso. 

6.5.4 n_<m^: THP CONTRIBUTIITG- PO^h' IS z = l-M+ni_ 


(6.20) 


The asymptotic expression for tins case is given by 

expressions similo.r to (6.17) and (0'.19) for the cs,sos 

2 

= -1 and +1 respectively with t.o-.o changes; to be 

reiolaced by '^k ^ 

6.5.5 = m = ra ; THE GONTRIBUTI"' BOUBIE POLE IS 

z = 1-Ii+mQ ; 


In this case, 
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" Iriua,m r ^ (ins-iit) / d' h_^ 

Hr 

c5 

(n' / dy^") 

i 0 


X {y')'“° exp [-I'y3_(Ai2-:-.A), 


-1) (6.21) 

WXth 

e -ixf -1)^^'-"! ^>'.'1 

m.m.m r -lj-v u; v 

r/h'^^"rj / 

®'ram_^ia 

(6.22) 

and 

“ - W. M r Ine / 2"; C.® ("' 

-h - "■ + - 1 

oo 

/ ^Yf) 

0 


s exi [- y. (A,^^ - le)l = 1) (6. 

wlie re , 


G = f ( ''' 2'' 

mm.m r m.m r v'-'* - 

Expressions (6.17),, (6.19 )s (6.21) pnc" (6.23) gi'^e us 

tlie required asymptotic expressions for high energy behaviour 

of diegrans of class (A). 


6.4 ASYMPTOTIC BEHAVIOUR OP SCATTOjLIYO LIAGR/uiS OF OTHER 
GlAb'SES; 

In the pirevious section we considered the diagrams of 
class (a) and found their osymptotic behaviour. We shall con- ^ 
aider the asyurpbotic beha.viour of di- rams of other classes in 
tnis section. 


6.4.1 GLASS (0)^ 

Accordijig to the definition giv^'i in section 6,2, for 
d icigrams of class (B), we have X.^ = 0 for all ij and 

cither a. X."*" = 0 for all i, or a- X-f = 0 for all j. For the 
saic of definiteness, let us assume thr.t it is which 

is zero for all i, the same is not tz’ue of X^ then. 


23 
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I “ii’i'' 


■ = I “i ( i’""! h" 

(6.25) 

and 

defining. 





If 

I 

i 

a . cj - X. 

Ill 

(6.26) 

and 

II 

I 

i 

“i°i 4 

(6.27) 

¥6 

get 5 j3^ = 

’fs 

i'^ 

(6.28) 


f = 

l/’fs. PI" 

(6.29) 


where we have neglected terms of one order down in s, 


Thus the asymptotic behaviour of amplitude is obtained 
from (6.6) trivially in this case a&^ 




m+m, ~ra 

T 


r-ui -m -1 


( n d ) ( a ) 


m — r 

(l") * 


':cp 1[I + xU 


-1 


L+il' - I a. (a. - i£)J 




( 6 . 30 ) . 


The other case when e- = 0 for all i, but 


Xi~ are not all zoro, is completely symmetric to the 

one above, we onl.y have to interchange + and -o 


When botu and are zero for all i, then 
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+2r 


M 


= I 


'‘-C 


(fs) 


+ 


V n 
i 


I «“i’ 


m^-r 

r-m^-n.-l ^ ^2j _ (.;'^) 


(c.) 


e.p i[ I “i ' >^1 

I (‘l" - 


+ V>'3_ 




(6.31) 


6.4,2 ClASS (0): 


3jG “t 


_ 0 foT all i- 


liien, 


i'j. 




X ^-,iTa^ra_r 


(Ys) 

( O') 


(n j dec ) 

I J i -i 


"1* *” 


a 


(if) 


m -r 


eXx-' X 


(:■') 


m^--x 


[s K‘ H 

X 


a . 


I a . 

i X 


X ( Aj_ 


- is)] 


( 6 , 


32 
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It is easily seen that one cp.ii choose the 1-2. and 
2-^ paths kin such a. manner that if o::0-y one line is common 
to both the paths ^ then, 



^'1' ^ T a . 

il x^ 


■where i-i is the common line. Then, as X- ^0,0. =0. 

Thus in the expression for a = ]] does not 

occur, and one can perform the intei^ration over a. . The 

1 

result is a factor l/s. This could have been seen directly, 
because the ts'^pical graphs of class (C) are one loop correc- 
tions to external lines of tree graphs having an s . or u- 
channel pole. Thus, as t is cons 'cant, their asymptotic 

P 

behaviour is down by a fa.ctor of s. T^^o common lines give s . 
6.4.3 CLASS (D); 

Let i^j i-o "be the lines (there are at most t'wo ) for 

which x’t X. 0 and 0. Then surely, a. a. = 0. 

■^1 ^1 ^2 2 ^ 1 ’ ^2 
Therefore as in Class (C) a. (and a. )’ decouples' entirely, 

^1 ^2 

i.e. can be integrated over to get a factor l/s. The rest of 
the integral is of the same form as (6,8) of class (A) and can 
be treated in exactly the same manner. ¥e avoid repeating the 
details. Suffice is to say that generally the asymptotic 
behaviour of diagrams of this class can be obtained in the 
same way as for class (A), only, it is down by a factor 
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2 -I* — 

s or s depending on whether there is one line with 0 

or t'wo. 

6.4.4 CLASS (E); 

Essentially there is only one diagram of this kind. 

It is shown in Eig. 16 . We shall not discuss it in detail 
as, in company with other diagrams which have a line lying 
on hoth 1-2, and 2-4 paths, it is dot^n by a factor s with 
respect to similar graphs of class (A). 

6.5 OKB-LOOl ONE-PARTICLE PROLCJCTIOi DIAGRAMS; 


We now come to discuss the high energy behaviour of 
one-particle production diagrams at one loop level. With a 
final state of three particles we see immediately that high 
energy can be distributed in various possible w ays. Let the 
reaction described be, 

1 + 2 ^ 2. + 1 •+ 5 (6.57) 


This reaction can be described by five invariant variables 
three * sub-onergies ' s^^, ®35 ’ ®4 5^ momentum transfer 

variables t^- and ^ 2 ^. These valuables are defined in 
Appendix Pour. If we let the centre of mass energj^ squared 


s 


®34 ®35 ®45 


m^ go to infinity, and 


keep and t 2 ^ constant, we find that there are five 

kinematic regions correspond ing to tv-hether only one out of the 
three sub-energies s^^ go to infinity as fast as s, 
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or two. Note that and cannot both grow as fast as s 

because and t^^ being fixed, particles t.3 and 4 move in 

opposite directions in the center of mass system. If the 
Particle ^ stays put (i.e. has momentum of 0(1)) then 
and s^^ go as ^s. If it moves alongwith either 3 or 4, the 
corresponding subenergy is small. 


Out 01 the five kinematic al legions we shall work in the 
regions where all the final state particles have high energies. 
Explicitly, the region with s^^ -x, s, and the one with 

®54» ®45 concerned with the process where 

particles 3 and 4 are the same, for reasons of symmetiy, it 
suffices to actually woifc with onlj'' one of these two. 


So, 

let us consider the 

case 

where , 



Pl"^ 

= fs + 0 (1/fs), 

Pi" 

= 0(l/fs), ^2. = 

0 

( 6 . 38a) 

Pg'' 

= 0(l/^s), 

P2" 

= 1[s+0(l/V's), P2 = 
i- 

= 0 

(6.38b) 

+ 

P3 

= Xfs+0(l/fs), 

P3" 

= o(i/vs), 5^ = 

»i— 

0(1) 

• 

00 

0 

+ 

P4 

== 0(1/Ys), 

^4“ 

= rs+0(l/Ys),^4^ 

=0(1) 

(6.33d) 

+ 

P5 

= (l-X)’.[s+0(l/fs), 


= Od/fs), = 

0(1) 

(6.38o) 




(6,38f) 
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Just as discussed in the case of -scattering diagrams, 
so here for production graphs, one can choose the flo-w of 
external momenta in the internal lane‘s' in such a way that 
lines for -which ^ 0 form a connected tree (with two * 
branches), which, in analogy to the case of scattering dis- 
cussed previously, and with some abus de langage , we call 
the 1 - 3 ^ path. The other path, i.e. the one of lines for 
which ^ 0 is called, as before, £ - 4. path, 

Olabsification of one-loop diagrams for production of 
one particle can be done along the same lines as for the 
scattering .case. Indeed, we can use the same classification 
defined by (l) to (B) in section 6.2, but with the understanding 
that path 1 - is now to be read as 1 - ^ 

Once again we have, for diagrams of class (A), a result 
corresponding to the theorem of section 6.2. 

■- Theorem; For one-loop, one particle diagrams of class (A), 

there is exactly one line j for which 0 and 

there are at most two lines k and k' such that ^ 

and o^, ^ 0. 

The proof is similar to that of the theorem in section 
6.2. In fact, for the existence of exactly one j with 
X^. 0 it is identical. 
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Let us suppose that it is possible that there are three 
lines k, k’ and k” with 4 ^ 0, 4 0 and cr^„ X^„ 4 0“ 

All these lines belong to the 1~3. 5, path^ as well as to the 
loop. These 'chree lines will have a:fc least four distinct 
vertices as their end points. (Fo: , if they had three or less, 
they will form a closed loop bjr themselves. The line j, also 
belonging to the loop will lie on a,n independent loop, out 
there is onls^ one loop in all, and =0 for all i) . Now 

8,s there are only three external Id-nes with p = O(V's), nameljr 
1, 3 and 5, there is at least one vertex, out of these four, 
on which none of the external lines join. The rest of the 
argument is the same as in the proof of the theorem in 
section (6.2). 

6.6 ASYMPTOTIC BEHAVIOIJP OP ONE-^lOOi OJIE-PARTICIB PRODUCTION 
DIAGRAMS s 

V7e shall consider only the most important class of 
diagrams as for as asymptotic behaviour is concerned, namely, 
the class (A). 

Prom the theorem in the previous section it follows 
that we have two different canes, namely those for which 
there is onl"'^ one line k with X-,,"^ Ov 4^1 the case where 

there are tvfo such lines. 
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6.6.1 DIAGRiJIS WITH OHE IINE k WITH ^ 0; 

This is identical to the scrttering C3,se, except that 
j "be of modulns unity. The sign of 

of course determines the planarity of the graph as hefore, 

0 for planar graph 

> 0 for. nonplanar graph . 


Accordingly, the expressior for asymptotic behaviour is 

again given bjr the f omulas (6.17), (6.19), (6.21), ( 6 . 25 ) , 

—1 3 

except that the f actor |vjj. 1~ is to be inserted in C 


pm_^m_r , 

“■'mm m r’ m r> m r “ (6-20). («-22) 

4 " — 4 " 4 “ •“ 


A r,5 r.6 

' I 

(6.24) respectively. 


6.6.2 DIAGRAIIS WITH TV/O LIHES k Al'll' k' WITH ^ 0 °’k' ^ • 

The general expression for the amplitude (6.6) becomes, in 
this case, 


a = I, 


/ d 2k , ( n ! da.) C 
■•mm _ m V ^ mm.m r 


+ - 


4h — 


„ / , ■vr-m.-m_-l , , 

X (a ) + ^ ^ ' ^"k^'k ■ "k’^^k’ 

a -s 

r i"i— r * J 

.p - a exp [-1 -f- 

2 

a. 

1 


vm -m. 




2n-r 


/■ \m — r H— r r ■ i / \ 

(«-;)“ s exp [-1 -A~ '’k*“k'^ 


I (Aj_^ - ie)] 


(6.39) 


where 


+ 

* ~ '^k ’ ^ k ' ^ 3 ^ j 


( 6 . 40 ) 
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Two distinct cases arise. 

6. 6. 2.1 v^, HAYE THE SAIB EIS;: 

In this case we can neglect c,. end and in a. 

As before we rotate all the c-contonrs except ctj,, , “j. 

to lun aXong negative imaginary c-w-ioj th 5 


M = I 


. mm m r 

+ - 


/d^i, ( n G 


7 


„ ir-m+-m_-l 


mm, m r 

“F ““ 


(y” ) 


exp [- Yi ( - is)] ^(®) 


(6.41) 


with. 


m, / m/ 

G' = 'n:(-l)^(-i)'^'*' T ®mm m_ 

^ mm/m r r /(m, -r) /(m_-r)/ + 

-t- — -r 


.7 


(6 


y" = Ii" 

“ r r . / a -\m_-m- 

P(s) = / o 


o 




s exp [(y” ) ^ ^ 


X .s - 
3 


- i“k ^k " ^ 1 : 


2 - 2n 

-xa-Aj] 


(6.43) 


and a double priiae on H , I indicates omission of k, k- and 3 . 

If and are both < 0, wc can take the Mellin 

transform of P as it stands and get 


.A2 
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P(z) 


If 

contours c 
P(f 


J ^ P(s) C'S 


, „ xz,-rrj.-^ , -xm_-in+ ^ I da. J da^ , 

rCz+K-r) (y" ) ' k-* xc 


, s+M- 


/da. dvl ^ 1 . ‘“d' 

J ■X' 




3XP [-10^ - i",., 4],? - 1‘^j Xj ] 

I 

(-1) 








'k' k’ 


V2 

V 


k'^ ^ z+M-m^-l 


k' 


( ^ k’ >> z+M-m^ -In ( A . 2 ) z+i'I-m_ 1 

\ I I ' .1 


IV.., i 


k' 


X r ( -z-M+m_^+l) r ( '•'r."xi+m_+l) r(z+Ii-r) 

r- r .Ml (v,,v, , < 0 ) ( 6 . 44 ). 

X exp [ix(z+M-l - 2 ^ ^ k’ i-c 


"k 


>nd v. , are both positive, then we rotate the 


ri , 8jid c:. too, and oh bc.in 
c’ k’ 3 


m — Q 


3+m,+m ”2r » “ ^ 

{-^) * ' ! s.'ic / (oj ) 

O 0 


o 


X (v^ + Vj^.y;j ) 


-r m -r 


3 


exp [ -(y ' ' ) 


-1 


2 2 _ . 2 

^ ^'^k ^k ■*■ ^k’^k'^ ^ 3 ® " ^k ^k “ ^k'^k' d 3 


(6.45) 
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Its jlellin trsjisfona is 
~ 2 im-3+iii , +1^ 


P(z) = (-i) 




in 


X r(z+H-r) J dy^ / dy,., / dy^ (v^ y^^ + v^, y^, ) 


.2„r:+DX; 


X y^ 


-z -M+m 


exp r-y,, _ y.4,2n 


= (-i) 


■2r+3+ni,+Di 


m -m 


(3 ‘' )‘ 


( 0 - X . ) 
2d 




r 2 2 .~1 p/k z+M-m^-1 

X (vt^, Av - v. A, , ) 


k* k ~ ''k “1"’ 

a2 

I ^k' ^ z+M-irL 4 -~l T , . 2^z+M-m -1 

(.^ ) ^ j ^A. ) 

k’ 


X 


r ( -z-M+m , +1 ) r ( "Z ~M+ra_+l ) r ( z+M~ r ) 


(- 1 ) 


( vi_> V,. , > 0) 


( 6 . 46 ) 


6.6. 2. 2 Am) HAVE OPPOSn.': SIGHs 

¥e slic-11 assume spec if icaJ.ljr that > 0 and v^, < Oj 

the opposite crsc can he obtfiOLed '^.inply hy the interchange of 1" 
ancl k' in the formulas. 

In this ca,se we notice that as the contribution to the 
integral as s -i- <» comes from the neighbourhood of I 

= 0 and Kj =0, we can no -loaiger neglect and o^, in a. 

let us define 


= '"k^k " I'^k' ' “k’ 


Y 


( 6 . 47 ) 



98 ' 


Tlien. 




(6.48), 


-1 • c. T\'" 1)£ wri.'t“b6ii sis si 

Gorre'r.pondingls^, the emplibuce c. 

sum of two integrals? 


(-y) 


( n 



i 


T ^°3 *) 

3 ^ 

(a^) 

- m 

' (cCj) ■ 


exp [ 


f dY J 

O o 


r-ULf' 


-m^-l 


1 ^ “j' 


i- I" “i 


- i a 


^ - le) - i t— 1^,1 


(,J - le)] 


(6.50) 


Inm m r I a^k ( n " JdCj^) C^ji ji_r ^ o '^' 

-r J- i ^ 


/ a<x. i (a^ Xj-) 


n -:-i, _ r-m -m_-l “+-’^ 

- + (a,) 


itt -r 


- -1 


X ( j ^ 


exp [i ®2 


- i I" (A^2-i 


2-ic) - +'''k'l “k'^ 


iaj (‘j -i®) - d''k 


k (*k - ' doijj.. (ti; 


- ie)] 


(6.51) 
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where neglecting y an<^ as the aain contribution comes 

J 

from the region where they are smal.l; 


= V 




l« a^(a^) +cx^(l + -j— 




= I" “.(a^) + ixj^.d -i- •- 




k 


(6.52) , 

(6.53) . 


¥e shall discuss the asymptotic behaviour of M 2 _ and M 2 
separately. 


¥e notice that in and Mp? have the freedom of 
rotating the contour in y "*^0 -ilO* la we rotate all the 
contours to get. 


M 


1 


= ^tlllQ^m_r / 0® (n " / ay^) 

r-m, -m -1 m -r m ~r 

X (y) ■ (ii) (yp ■ 



/ Vi, 

0 

X 



~-l 2 

X exp [-sy y_^r) - y^. a- 


I'k (''k 


3 

^k 


1 “1 


■^3 ^3 


V 


^ .^) - a AvP ] 


(6.54) 


k' 


0 


8 


CT 1 m. -r m -m. 

= C (-i)^^~^ ^ ("-!) ^ (a. X.~)~ — 


(6.55) 


The Me 11 in transform of is 
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with. 

formed 

wh.e re 
is the 


M^(z) 


^mm, m r 

"T — 


(yi ) 


f d^ij^ (n^’ Jdy^) / d.'i / dyj^ / dy^. 

z-M+m 


1 o o o 

z+M-m -m -J- -z-II+m, 

(y J 




exp [- I” y^ - y^ - y^ (ai/ + ^kj) 


2 


_ tia 3] X r ( z+M~r) 


(6.56) 


h = li 


yi (. 33 _) + r,; (1 + T-y 


The integration over y^ enad Y) cpn he i.nme diptely per- 
. i'or integration over y^^ wc use^ 


/ e (t + X dt = y ' r(«:, xy) 


a -1 


xy 


0 


Rey> 0, X > 0, Re a > 1, and rCa, xy) 

1 *^’ 0 

incomplete gamma function ' . 


This gives, 

= Um r (Ii' 7 «yp [-r n * 1 ^ 


+ ( +'■),) ^ ( i\.i V + "k V ) 

2 ; d" y-i cy.^)] r ( z+M-m -m_, (W^ , | + v-^) 


-1 


1 1 


X 


+ Vh* ^i ^i )) 

X Ivj^, 1 (Iv^, 1 + V,.)“^ 


X [- 


Nfc.l V '’k ^-z-hl+m^+m. 


■] 




AT f z+M-m, -1 ^ z+M-m -i 

X (-J^;^) - r(_z-H+m^+l) 


X r ( -Z-M+m +1) r(s+L"i-r) 


(6.57) 
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similarly. In M2 we rotate oil the contours except 
Y ana a., and take the Mellln traaieform. 'fe obtain, 

u 


M2(z) - m r J d^k 0 ^ ( n” j f 

+ ** j_ o o 

00 z+m-m -ra -1 -z-H+m_ . 

/ aa. (J 2 ) ■' (“ 3 ^ r{z+M-r)^ 

0 ^ Yf f, ^ 

exp [- I" yi '*3 - la) - ^ 

1 


Z 1 \-i 


2 > y " - 2 


(6.58) 


y^here 


F_3+r--in •'ai_ 


rt^ — 0 ( — i) 

^ ^rnm.ni r ^ ^ 


and y2 = ? ’* + ^k' ^ 






m -m 


+ i 
% 


Garrj^ing out the integrations over a^, and y. 


obtain. 


H,(z) = I O-’ / Vi) exp [- I" yp .1 


■•2V "y - m r' ^ 

*+* ““ 




X 


X 


( Yi o^^)] r(z-i-M ( Njj-t ' + 

i 

( ivj.,1 \ ) O" yi 


-1 


X 


vj. ( K.l + '■v)'" 


k' 
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X ( — ) 


1 % 


, -i- Vi 


:+}H 4-m z+M-m -1 


X (a/) 


z+N-m -1 


r(-z-M+m,+l) ^(-z-H+m +1) x 

“T “ 


X r(z+i'r--r) exp [ix (z+M+1 


I +El 

+ ' 


)] 


(6.59) 


therefore 5 adding we obtain;, iinally, 

= Imm m r ^ ^ 'T ^i ^^i' 


^ ( r* ^i r(z+ri~m_j_-m_, ( Wjj-I ! + 


~1 


X (Aj. ) 


( 


1 

z+M-m_-l ^ iv^., 1 -'I + 'v. 


A 2 


k k’ 


~) 


'Z-M+m.+m 

+ 


Ivy.l + 

X r( -z-M+m_j_+l) r( -■■.~iT+)ji_+i) r(z+ll-r) 


[( 


Avi z+M-m, "■'- 


-) 


k’ 


A, 2 z4-i'I-m, -1 

X (-—) ] (1 1 + v,J 

k 


- ex'p [ ix( z+-l-m_j_-l) ] 

(6.60), 


k 


vrhere c”' ^ is a constant. 


6.6. 2.3 ASYMPTOTIG BEHAYIOUR 00 ili.G-RAMS WTH TWO LIKES k, k’ 
SUCH THAT 7^ 0 J-., ^ 0 . 

The asymptotic behaviour ox diagrsms with two lines k 
and k’ with 4 ^ 0 and 0 can be easily seen from 
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their Mellin transforms given by (6.46) and (6.60) for 

different cases. 


Viie notice iimnedia.tely that bhcse expressions contain 
an explicit factor , 


L,} z+LI-ra.-l z+II-m -1 

‘oil I'-i,.! 


(6.61) 


for (6.44) and (6.46) and 


^ 2+M-m_^-l 


exp [i-TC (z+M-m_^-l)](-|^^) 






( 6 . 62)5 


in (6. 60). 

As we discussed in section 6.3, the left most pole of 
the Mellin transform of the amplitude in the region Re(z+M-r) >0 
gives the leading asymptotic behaviour. However, we see that 
the above factors give a zero at z -H+m^+1. Therefore the 
pole at z = - h+m_^+l is always killed. We saw in section 6.3 
that the double pole at m^ = m„ jives the In s behaviour. 

This behaviour would be absent because of the cancellation of 
one of the poles. 

Thus we have shown that production diagrams of class (A) 
with two lines k, k’ with ^ 0 and X^ + ^ 0 are not 

the leading ones compared to diagrams with only one such line 
because of the occurrance of factors like (6. 61) and (o.62) in 
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them. So, effectively the study of asymptotic hehaviour of 
production diagrams of class (A) re.duces to those with only 

one line ;]' and k with a. ^ 0 and o, ^ 0. 

J J /C Ji 

6.6.3 OTHMi PRODUGTIO!! DIAGRAMS; 

¥e can study the asymptotic behaviour of other classes 
(B), (C), (D) and (E) along the same lines as for scattering 
diagrams (see section 6.4). The details need not be repeated 
here. It is enough to bear in mind that generally diagrams 
of these other classes do not contribute to leading asymptotic 
behaviour. 

6 . 7 SUMMARY ; 

¥e have found in this chapter that leading asymptotic 
behaviour at high energy and fized momentum transfer of 
Eeynman diagrams at one-loop level comes mainly from a class of 
diagrams in which the hi^ forward and backward momenta can be 
directed along' lines which donot intersect and both of which 
have a line each cariying the loop momentum. The asymptotic 
behaviour for such diagrams is given by (6.17), (6.19), (6.21) 
and (6.23) for scattering diagrams, and for production diagrams, 
by these same formulas, but witli modification mentioned in 
section 6.6.1. ¥e have also found that in general in production 
graphs of class (A) if there are two loop lines which carry 
high energy momentum then they are dominated by graphs in which 
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there is only one such line. 

¥e shall use the formal isia of this section in the 
next chapter to evaluate the asymptotic behaviour of the 
processes rep ->■ Tip and -run %%p . 



GHilPTEE SETx.i 


In this chapter we shall consider the high energy 
behaviour of the processes pir pir and Trir ^ p-mrusing the method 
of Chapter Six. 

7.1 HIGH Ej-tEEGY BBHi.VIOUE OF px SCiTTEEIEG TO OEDBE ; 


In the notation of Chapter Six, we take P to be the 
particle 1 and 3. and Tt to be _2 ond 4. The second order lead- 
ing amplitude is given by the diagram in Fig. 2. a. 


mP^p^ 

horn 



^l^Xl'C 





( p^ ) . P3_ ) 


2s 

2 

t-M^ 


(7.1) 


Coming to the fourth order, consider first the box 
diagrams of class (h). They arc shown in Pig. 17. All of them 
have the same structuic of the denominator d (cf. equation (6. 
The numerabor n, however, differs from diagram to diagram. 
Bece.use of bhe derivative coupling"', the numerator is a poly- 
nomial in external and loop momcntc. In order to contribute 
to the leading order, it is evidc.-t from the as 3 ^mptotic for- 
mulas (6.17-23), that a diagram of Class (n) should have in it 
numerator as high a power of '{a as possible. There are four 
vertices in all these diagrams, and a derivative coupling on- 
all the four vertices can produce (fs)^. However, it does no 


err 
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( 1 ) {?.) ( 3 ) ( 4 ) 



Pig. 17s Some box-dijs-grams in p% scattering. 

Only the first two contribute to the 
leading high-onergy rnplitude. 
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always do so „ The reason is tha'": the numerator is a 
polynomial of lorentz invariant dot-products of internal 


and external momenta? end as, 

' 5 (pi"" p,r + Pi" pf ) - Pi-p.i 


Pi-Pj 




(7.2) 


¥e must have contraction of ■(.’'ith p^'*’ of OC/s) with pj 
which has p. = 0{fs) to get ma'-i’'ur: s factors. 

J 

This requirement is satisfied only by the diagram (l) 
and (2) in I'ig. 17. Others oifior do not have four deriva- 
tive couplings 5 or they donot contr-ct in the above manner. 

For diagram (l) (see Fi_% 1' for distribution of 
momenta), w.; have 

n = (-i)hl)(2s)4 (2.)"^ (P-""- /"""+ shb fib 


''V a 


^ bj) pj-Pi-k),, =, 

+ (pj^ + Ik - p, + r,,)^ + (-1; + P2 - P4 


+ ^UV ^ ) I 


Spv' bi-lE)a 6 . , 

}X 

“i 


+ (Pk+p^)^, (Ppj-k)!' . 

11(2,.)-“ (2g)'‘ (ah'*'- f3b 


X ef . £■> + terms o ■' low or powers in s. (7.3) 
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o 






o 


•H 

-P 

•ri 

U 

-P 

CQ 

f=\ 


• 

C-- 

fH 

•H 


00 

H 


•H 

pR 
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Equation (7.5) oorrespone - 'to the expansion (6.4) of 
tho preceiin'j chapter. We notice xhet with th.- 
of s there is no k“". We have for (7.3), 


m = 4 , m = Ea_ - C 


(7.4) 


iaso, looking at the diatriuution of momenta in Fig. 13 
-re find that, in the notation of Ghepter Six, 




= 1 , = 1 , 


4 - 


1 , 


0 


= ““I? .... 0 9 1 

°4 = 1. i' = ° 


-L, = ’’iH • "5 h 


..1 


(7.5) 


Thorefere, the asymptotic hohaviour for diagram (1) 

is given by ( 6 . 21 ) . 


= (Ts)"^"^ (Ir^s - ix) /c"y / <3:^2 / 


2 ? 1 

X exp [-^2 ^2 “ ^4 ^4 “ ^ 


o 

-i 


( 2x) 


(7.6) 


with. 


i.^i-, 1412 


-ix{-l)'' X (-4) (7.:,)' (2")"^ ( 65^6 

yy >i''2 


+ 5 " 6 ^ ^) e* • 

A*: 




( 7 . 7 ) 



Ill 


'4 = 


,-*■ -*■ X 2 2 

'’1 - 

■*■2 2 

1^11 


(7.8) 

(7.9) 


Or, cprrying out the y-integrals 

it? i 1 i / i 


M. 


1 




^ (2g)^ (o 


4 ,,.-riU4-2^ 


(Ins - ±%) / •' 


p<> 

e ':jL 


( A2^ " i£)(4^^' - is) 


( 7 . 10 ) 


Similarly, for dia,gram (2) in Fig. 17 j. we use 
formula (6.23) to get, 


M. 


1 


;( 2 %) 


M i^i-j i-i/.^ i-ii^ ir? i ^ 

^ {2g)'^ U 6 2 + 6 1 6 5 2) 


X sins £ . e 

^3 ^1 


r1 ‘-T 


0 'iCi 


(2%)^ - i£)(A^^ - ie) 


(7.11) 


Is fsx as other diagrams of Class (A), namely those 
involving three or less internal lines, are concerned they can 
he immediately dismissed from our consideration as all of 
them involve a four looint vertex "'rhich does not bring any 
momentum factors into the numerator. The numerator cannot 
produce any power of greater than two, so compared to the 
diagrams considered above, they are non-leading.- 
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llie seme holds for diagrax’.s of other classes. The 
diagrams of (C), (D) and (E) are e::';licitly do^.-'n hy a factor 
s (or even s sometimes), because they all involve a common 
line on^ - 3. and ^ - 4 paths. 

its far class (B), it is ''.;no‘'f'' that it uill not produce 

a loga^rithm. However, looking G cl diagram of type (3) 

(for example the first diagram in Tig. 19) it is not clear 

that, xvith a momentum factor on each of the vertices, it will 

2 

not produce an s . It will not as a matter of fact, as can 
be seen i.amsdiately as follows. Ir. order to get maximum ^[s 
factors, we must contract a momcrfui. ■ having high p"^ component 
with another having high p~ component. The contraction takes 
place through g^"'^ provided by exchanged vector meson, and 
the of 3-vector meson couplin,^. Since (in the diagram) 

the 1 - ^ path has one line in tj'C loop, the two contractions 
of four momenta will involve t^ro momenta with high p”^ compo- 
nent, one with high p~ and one -;i bhout any high momentim. 
Because of (7.2), the stracture of the leading teim in the 
numerator is ('^’’s)"^ k , or, in thL language of Chapter Six, 
m = 3 , m_^ = 0 , m_ = 1. The as 3 ''nptotic behaviour of the 

amplitude is then given by equation (6.30) which means that 
it is (l/^s)^^"*"™^ ^- = s. The ampd.itude cannot go as a^. 

One can verify that the same holds for other diagrams of 
Glass (B). 
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Pig. 19; A few diagr?ms of Claso (3) in 

scattering which don't contrihute to 
leading asymptotic order. 
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This completes our an.aly&5-S of high energy pn 
scattering upto one loop level. In the next section we 
consider the high energy behaviour of the process tctu -> p%%. 

7.2 HI&l m.-lIGY BEHAVIOUR OR itn; p%n TO ORDER i 


The calculation of high-srergy behaviour of %n -*■ pirn: 
is similar in many respects to tct; scattering. 


¥e shall restrict our attc '‘tion to the X -region in 
the kinematic varieties (see Appendix Rourj (A 4.16) ), and 
zero helicity production of p . The other kinematic region 
( region? (/4.17)) is symmetric to the first. The zero 
helicity production amplitude, because of (11.31), dominates 
over others at high energy?'. 


The graphs contributing to third and fifth order are 
shown in Rig. 20. Third order graphs are easily evaluated; 
the amplitude is, 


T^/j-Ttlt IX Hp 

^ norn 


L2-: 


■ V 




( 2ix) 


15/2 


24 


- M 


( 7 . 12 ) 


where , 


A = (23, 154) - (14, 235) + (12, 554) + (34, 125) (7.13 


and , 

(i^i25 ^3^4^5^ 


-^ 1^2 


c. 


etc . 
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Fig. 20? Diagrams contributing to leading high-energy behaviour 
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in i'ig 


where „ 


Coming to the fifth order graphs, consider to 3 ^ 

.20. ¥e shall omit the details of this calculation. 


E 


B 


1 


(2Tt) 


-i [(12,354)+(24,135)] 


1572 M 


M. 


B. 


X (-—) s (Ins - io) 

i — _ r/1,^235) + (24,135)] 


(7.14) 


(2ii) 


15 /2 


X (~ 7) sins I(p;- ) 
^ Tl- 


(7.15) 


i X|s£ [(24,135) + ( 34 , 125 )] 

5 (2t:)15/2 

X (- — ) Xs (Ins " It:) l(pc- ) (7.16) 

^ hi- 

5 

M = _ i__„ I|S1„ [( 23 , 154 ) - ( 24,135)] 

^ (2,)15/2 

X ( - ~) xs Ins L(i),- ) (7.17) 

71 - j_i 


L(pc-) = / d\_j_(2x)~^ [(k^ + - i£X(k + p^ ~ is)] 

(7.18) . 

It is important to realise that the diagrams in which 


the vector meson is emitted from the internal lines of a 



117 


TTiT- scattering graph does not contribute to the leading order 
as shown in detail in section 6.S.2. 

In the next section we sh?J-l discuss these results. 

7.3 IISGU.SSIOF OF EE SUITS MB FUilTHE'R PROBLEMS TO BE STUDIED: 


¥e shall now collect the asjnaptotic formulas (7.1), 
(7.10) and (7.11) for the p ti ■*-p% scattering. ¥e see that 
the non-he3.icity-flip amplitude i’^ the leading order can 
he written as. 


M 


one loop 


M 


ptr-^-p IT 
Bom 


(1 ~ 



t-M^ 

2 


Ins . E( t ) ) 


(7.19), 


where , 

K(t) = / d^k^(2Tt)“^ (( (7.20), 

and where is given hy (7.3.) except that we have 

6 for £ (P' 3 ;).e, (Pi ) in case of non-helicity-flip. 

>3X1 X3 2 ± 

The expression in the bracket in (7.18) is of the same form 
PS the first two terms obtained by Tyberski^^*^ , Yeung^^^ and 
McCoy and ¥u^®^ for fermion-fermion and ve ctor-mes on- vect on- 
meson scattering. They have cad.culated upto one or two more 
terms in the ( 2g) geometric seri' s. Our calculation has 
been a aodest attempt to verify the same for scattering 
in a model where pions are included. The exact similarity 
of the expression in (7.18) with tnat obtained by the authors 
mentioned, leads us to believe that our results are consistent 



118 




with the Eeggeization of the vector neson in gauge theories. 


J'or production amplitLic’ os (7.12-17) for TC TC pTC % 
we do not have similar calculation in gauge theories to 
compare. However, it is interesting to observe that when 
we add the fifth order leading logarithms in (7.14) to (7.17) 
the result is 


j.jj'rtTT -V oTtm 


(2>r) 


1572 Till ^ 


X [(12, 354) - (34, 235) - (34,125)X 


- X( 23, 154) 

p r O'- 2 

( 271 ; ) ^ 7:11 


’/2 ' s ^ 


X e 


j42 (pkl ^105 ^kl5) (y_2i) 


123 


where for sate of convenience wc '.Wo -written e for 

H^2^3 . 

£ e'cc. 


Combiiiod with the corresponding isospin component of 
the Born amplitude (7.12), the onr-loop, zero helicity 
production ojaplitude is 

one-loop ( 27 i;)’^^''^ M 

. x,3K ,kl5) _1 
h4-“ 

2 

(?g)^ L(p„ ) ins ] (7.22) 

^ IL 


X [1- 
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a formula, uith striking simila-vity to (7.19). sense here 
a similar Rrgge-type "beliaviour. In order to confirm it the 
calculation should he carried to higher orders, a task which 
in this investigation we have not keen able to accomplish 
because of sai overwhelmingly lai-i,- number of diagrams in the 
higher orders. Added to the la,rgo:: number of diagrams in 
.iighor orders are the problems due to divergent self— energy 
and vertex nart. These problems do not arise in tne lower 
order diagrams. 


¥e conclude this chapter with a few directions in 
which the ]pi'*esent investigation can be extended. 


(1) The above calculations should be extended to two-loop 
level. The formalism of chapter Six should be generalized, and 
it should bo possible to classif'^ higher order diagrams 
(which are Vi-;ry many) so that one can base one's studies on 
all diagramc of a given order thin .]ust restricting to special 

subclasses of them. 


(ii) One should study the backwaid scattering at high-energy. 
This means that t ^ , and u remains fixed. 

It is hoped that with the very interesting high energy/ 
behaviour shown by gauge theories, such studies may give 
some insight into the hadronic inueractions. 



APPEFDIX OHS 


KINEMATICS OF pH SCATTERING M'jj PARTIAL WAVE 

MPIITUDES 


T]irou,gliout we shall use the ^ 'ijhowski metric with 
§00 = ^'ll = ^22 = S 33 = -!• is written as 

3 

i \ 1 f i ^ t i/'- N j. ^ii ^iEx\ 

ir^(s) = J (si (n) e + a (k) c ) 

( 2 tc )^/2 2 ko 

(Al.l) 


where i = 1 , 2,3 is the isospin index. 

One particle state |pj_ 1=? ootained from the vacuum by 

a^"*” (p) ! 0^ = Ip^^ (A-1.2) 

with Lorentz inva,riant normalizatio , 


Pj_ 1 p’ i’ ) = 2p°6^ (p - p' ) ^ 


Oii, 


(A1.3) 


Similarly P -field is written. 


ip 


(x) = 


1 


(2n) 


^ xl -1 ^ 


dy k ^ / 1 \ 2. / ■< \ - — ikx 


2: 


,.o 


(e^ (k) a, (k) e‘ 


+ (k) af (k) 


(A1.4). 
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The corresponding one particle I'clicitAr states arSj 



They have the norTnalization , 

<^p Xi X'i*^ = 2p°6" (- P) , 6^^, (A1.6), 

and transform under a Lo rente, transfoi'iation A as. 



(A1.7) 


whe re 

R(a, 5) = (H(a^p))"^ a H(5) (/1. 8) 

is the Vigner rototion, the rotrvion matrix corresponding 
to angular momonturn 1, and 


H( p ) = RCiJ) , 6 , " <J> ) exp r "X Kj ? ] V Al* 9 ) 

is the ’helicitj? boost' correspondin, 1:0 momentum p with polar 
angles 6 and ({) . Our ^notation regcj'c ing the helicity states 

131 

is the same as Jacob and ¥ick. 

Consider the P -x scatterin , p(l) + 'n;(2)-^p(3) + ^(4) 
S-matrix element can be written in the form, 
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<P 3 


^3 ^3 ’ ^^4 ^4 ^ ^ ^ ^1 ^1 ^1 ’ ^"2 “ ^ 


2 p 


^ 2 ° ^ (Pi " Pj) ^^(P 2 ~ 


1 


■^- ^i i i ^ ^ ^ i( 27 i)^' 6^ (P1+P2 “ P1-P4) 

i^j-l 12^4 31 X ^ 4 


Xc- x^ J X-| Xp 

T ' ^ ^ ^ (s,t) 


(/JL.IO), 


where Sj t s.ro iLPiidelstaa variable ^5 

^ ^2 

s = (P 3 _+P 2 ) 

■t = ( Pj ^-?3 )^ (/ J -. ll ) 

P’e shall now anal^rse the scattei'-ing in the centre of 
mass frame and construct the partia,! ’'U've e^mplitudes. 


First of all, the ov.r-all cesTter-of-mass motion can 
be separated from the t^;ro particle states ,• 

lPl^l^ 3 ’ P 2 ^ 2 ^ = ^1^2'^ ( 41 . 12 ) 

1^1 

■'fhere 6(}> are the polar angles of :>-^ - --P2 P ~ 1 Pi' • ' 

fhe normalisation of states I p e(S> , ^1 ^ 


^12'^ is 


^p*©' A' i* j' |pe!i>Aii^ 


XX d(coS ©'-cos ©) 

11 ^ 

X o(a - «) j i 

(AI.I3I 



Total angiilar momentum states ccn be constructed from 
jp0<>>- ,y as follows 

Xij) = (-^ 1 ^)^ ®MX* (<;> e - <!>) 

x lp8^ (41.14). 


The inverse relationship is^ 

lp 0 (!.x, ij> = I dI I'KI x,ij^ 

/ y s-,. xiA y 

(A1.15) 

As defined, the normaliza.t ion oi {Jli x, is 

Xij jJ'H*X«i'j'^ = 6jj, 6xx.<Sii, (41.16) 


Jind under Parity and time reversal i.hose states have simple 
bransformation properties 

P ; IjM, Xi.j^-»- '0^0^ (-1)'^“^ IjI, -Xij") ( 41.17) 

T ; !JM, Xij)-^ (~1 )'^"^'Mj, -M, Xij^ (A1.18). 

As S-ra£itriz is invariant under rotations ; 


<^P' I @ {j’'-!' i* j’ |6-ll Ji'i Xii)' 0 I?)' 


i(?Tt)'^ 6^ (P'-P) 6j^, T^ ^ (s) (Al.:! 


Invariance under P and T requires , 
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„Ji' o‘ ,ij 

■^X‘X 


rpJ i' 0* ,ij' 

^-X‘ ,-x 


T 


Ji' j’ ,ij 
^X'X 


T 


J i’ J' ,ij 

XX' 


Ji- i^ 7 ^1^2 

The amplitiides T ' ( 

^3^1 

T, , (Sjt) as follows 5 

'^3 1 


are related to 


4 

3 1 


^ f (°os e) 


r-^i^ 5 1-1 1 1- 

m 3 4» 1 iT- / 


"x-x 


3^1 


^ >-' s 


t) e.’- , (e) 


■Xj_Xj 


where, in the conter-of~mass , t is ^yiv. n by 


t = “2p'^' (1-cos 9) 


Inversely 


± - \ 9 


(s,t) = 


^ -i- y 


J ivjiy. X --Q 

T, 5 '' - ^ (s) 

X 3 X 1 


{A3.. 20) 
(A1.21) 


(A1.22) 


(ia. 23) 


\ie are particiiLarly iaterestoc] in the 
between states with total angular ino'i'iitua 1 
Prom (i!l.l7) it follows that the reov.ircid 


amplitudes 
and even parity. 

-i- 

= 1 states are 


1 

n 


111, 


^ 1 ^ 2 , 


:) 




ifd 


111 


^ 2 ) 


(A 1 . 24 ): 
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and 


IM, 


0 i3_i2 y 


(A1.25) . 


Amplitudes betweerL these states are the so-called 
‘pairity conserving amplitudes’ 




( 1 , 1 ) 


T 


1 

11 


'Ll 


T 


1^ 


( 1 . 0 ) 


¥2 1^0 


T 


1 


+ 


( 0 , 1 ) 


"'( 0 . 0 ) 


= T' 


1 

00 


( Ai. 26 ; 


uhere the superscript i^i^ 5 i-|i 2 hec-n omitted. Also the 

index 1 within round brackets refers 'cc the state (A1.24) with 

hclicity + 1 combins-tion of even parit . We remark that 

because of po-rity and time reversal constraints (A1.20) and 

J 

(A 1 . 21)5 out of nine helicity ampliu '.dec only the above 

three are independent. 


The differential cross~secti''.no is given by 


do 

dJ2 




X. 

j. 




t) 


2 


(11.27) 


and using ( AdL. 23 ) , 

"^tot = / <3^ If = ^ I (2J+1) l(2n)^ (s)l^ (A1.28) 

We shall require the expression for Tx^X (s,t) and 
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1+ 1.^1. ,1-, ip 

T, ^ as giveii. bv pertixrbatiT .iisorj’’. To this end 

I ^ f- / .... 

we .first notice tliat T, ' (s,t) for oTt scattering can 

^5 1 

be written by Lorentz and parity inv^iiance as. 




^3^1 


(s,t) 


1 


(2a) 






X [i ' ‘ (s,t) 


ipip 


'vu 


(Sjt) P2 vP2u 


+ 0 is,t; ?ivP2ia ^ U^t) 


+ - (>'^.'fc) Piv P^u- 


Pp^ P^,^ 

(A1.29). 


Und er t irao -re ve r s al . 


p-fH. -p‘, X 5 Zy^ -M- 

and therefore (42.29) is invariant oiil'-;/ if 


c"3"4'"i"2 ^ 3*3-4 




(/'1, 30) 


The explicit expressions of the polsriz? tion function 


arc , 


<1 (’’) 


- [ 0, + y-p 

■ T5 

1 

^2 


(l - cos <J) o ( 1-cos ©■) ) 

~r i<y 


^ (1 + i siji '* > 


1 i 

+ ™ sin 0 3 J 


(l~cos 9) ) 
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=0 

= ^ [Ipl J P° sinO COG b 



0 , .-I 

p GrOfc^ 

where 

Q 41 arc 

the polar angles oi n = ( 

II 

0 

■’“2 

( P + 

h 2 ) 1/2 


In the 

c elite r-of -mass frane deilLiie d 


P/ = 

(J 2 , 0 , 0 , p) 


P 2 ^ = 

(co , 0, O5 -p) 


^^3'" = 

(S2 , p sin 65 Oj. p corj 0) 


^ 4 ^ = 

(o) , -p sin €j, O5 -p CO.' 6) 


= 

2 2 

M + p 


2 

U 3 = 

2 ^ 2 
m + p 


1 2 ; 
3 , p 5 P 


Substituting (A 3 . 51 ) ia Cil. 2.'y tgivos^ 


It t (s,t) = — ~ r [ l_ n ©) 

( 27c) 

+ i (D - H) ©j 

^11 ~ ^ [ — -5- 1- ( 1 + cos ©) 

+ -^ (D - a) p*^ sin^ 6] 


sin ^ , 

(11,31), 
) and 


(A 1 . 32 ). 


( 11 . 33 ) 

(11.34 
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(s,t ) 




1 

r 

Q 

sin 0 

[ -A + 

(b- 

-0) 



(2x)^ 

MV2 





+ (D-B) 

2 

P 

(l-cos 

0)] 




(A1.35) 

1 


[ A(i^2' 

- cos 

Q) 




/ 

( 2x) 

M 

Q 






+ efis. 


CO + G Q 

n 

" + (B-q) 

cos 

0) 


+ (!■ 

-COS 

^ ^ ^ Du + Bfi 

e) ( 'ir^ + 

(D-I 

J ) CO s 

0)] 


(AI.36). 


These expiessions when substituted iv 5 _ (j0..22) give for 


nl 

■( a^) 


TT..n^ (s) defined in (A1.26) 


T' 


( 11 ) 


+1 


= ^ 7^^ ^-1 


L" (l+X^) 


T' 


1"^ 

( 10 ) 


D-B 2 


_ S£- 


p X (l~x )] 
+1 


X J 
f2s M ( 2xr -1 


T -x2 2.r 

[~A+(B.G) ^ 
^ a 


1+ 


T' 


( 0 , 0 ) 


+ (D-B) (l-x)J 

o2 

XT) n 1 

2\[s * (2x)^ 


/ - [A (^ - x) 


2 

_lPVs P/_ \ 

+ + p^(l_x) 


^ fi 


X (■ 


D t» + E n 
n 


x(D~iO )] 


(A1.3; 
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where we have omitted isospiii indiCGe for convenience of 
writing, and used the standard <3^^, -lo.tricoe, which, for 
our case of J = 1, are given hy, 


d^ 

-1-1 

(0) 

=r 

‘^ii 

(0) = 

- ^ (1 + 

cos 0) 




'^-lO 

(0) 


- 4 - 

,1 (^) 

= d ^^( e ) = 

^ -^10 

(0) 

1 

= T 2 

sin 0 

^-11 

(e) 

=r 

'^i-i 

(0) 

= ^ (1-cos 

0) 




^00 

(0) 


cos 

e 





(A 1 . 38 ) 

Finally , 

the 

amplitudes 

V2 

3 1 

(s,t), 

J 

±314, 

^1 

^1^2 / 

( s 


A 


, -^ 3 -^ 4 » -^ 1-^2 


(s,t) etc. can he projected to definite total 


isospin amplitudes hy using appropriate Clehsch-G-ordon 
coefficients. As we are interested in projecting thorn to 
1=1, we give tLie transformation matrix for this case helow. 
let 



3 


iiij) = 

I 

ij=l 

s ij iij 

/ 




Then S ij for 

1=1 

is given by, 

1+1 

1+1 

1+1 

S 11 = 

S 

12 = S 


(A1.39) 


1+1 1+1 
21 = S 22 = S 33 = 


sl-1 


-i 23 

13 = 

31 = 


+ i 3^-"^- 3 2 


.11 


1-1 

-S 13 


-is 23 = + i S 

2 


11 ^2 
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gio 

iO = 

0 for 

iO = 

11, 12, 13 , 22, 

23, 

31 , 32 , 33 

gio 

21 = 

-S^° 12 

= 

±/f2 


(A1.40) 

The amplitude T^ 

.X 

( and 

other qaantities 

of 

the 


A^A-, ' ' 

:) 1 

s ame type ) are given by , 


1 


I 

X 3 X 1 


( s , t ) 


V II 

i i i i ^ 
1^14 111 2 

^ 3 ^ 4 ’ V 2 

%Xi 


( Q j t ) 


II 3 
S ^ 




(AI. 4 I). 


Note that as isospin is conserved, the above expression is 
independent of I^^. Specifically if, 


T 




i, i,k ipi.k i-i 4/^ i-,ipk i'xi/k 

e ^ e ^ , e ^ e ^ ^ , c e ^ ^ 

g^l^3 ^^2^4 


with sum over k, then 


I = 1, 1, 2, 1 


(A1.42) 


respectively. 



APPENDIX TWO 


BABDAKCI MODEL AND CALGULATION OF 
DISOONTINUITIOS 

7 

Bardakci Model is in one sense the simplest 
model -which incorporates the idea of spontaneously broken 
gauge symmetries in strong interactions. The essential 
idea in this model is to maintain a global SU(2) invariance 
although the vector meson masses arc obtained by breaking 
the symmetry spontaneously. This is achieved through an 
ingenious device^ of breaking the S3mnaetry of an original 
group which is a direct product of a local SU(2) X SU(2) 
and a global S'J(2) X SU(2). The vacuum expectation values 
of Higgs scalars are so chosen that although each of the 
SU(2) X SU(2) is broken, a global ,yj(2) X SU(2) remains 
intact. Vector and axial vector meson masses are obtained, 
and are equal. One can next break the chiral symmetry 
spontaneously to obtain different nasscs for vector and 
axial vector mesons, and pion is obtained as a Goldstone 
boson. To obtain pion mass one brealcs the chiral symmetry 
explicitly in the lagrangian. 
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In solvin;?, the IT/l) equations for l^Cl) channel in 
f^Tc scattering^ and to look for an A- roeonsince, we need 
some physical information to he fod in os input. This we 
take to he the discontinuity across tiio left hand cut of 
J^(I) = l'^(l) pa,rtial wavcj amplitude"' of lowest order pit 
scattering. These amplitudes can ho oalculatod from couplings 
of Bardakci Model which we now write , 


¥e take a vector iootriplet v,, , axj axial vector iso- 


triplet A 5 

jj. 

psued 0 - 

• scalar triplets h-, and V 2, scalar 


triplet 

singlet F^. 

scalar 

singlets M 2 and F- , end psuedo-scalar 


Define 



III 

(V .T 
M- 

+ T 5 g, ■ *) 11 + 

(A2.1) 

III 

(lll.T 

IY 5 Y 0 + MjYg) 

(A2. 2) 

- 



(A2.3) 

F = 

(F^.r 



where Yq? aro usual Dirac meitriceSj a, t aro usual Pauli 
maitrices end = l+cr^/2. The local SU(2) X SU(2) trans- 

formations act according: as. 


n t.T ntl ""1 I i cE c.' 1 * ""1 \ 


¥ -► S , ¥ S , 

P- ± M- + 


+ i s ( 3 5 

g + ^ h ± 


M S . ^ M ^ 

+ + 


S. N 

T + 


F 


L -1 


(A2.4) 
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■where. 


3 ^(s) = ®^P " + 

■4“ ■~’ 


The glohea SU(2) X SU(2) transformations o.ot as follcvs 


¥ 

M 

N 


¥ 




M 


S+® K 


-1 


whe re , 




-*■■*• \ 
= ezp (16+ • "It _ 'Y+'' 


With this the invariant hagrangian can he written as 

i tr Ka W - + i t ] 


3^ ’-i-'p, ’v "p, 1 " P'' 

+ ^ tr [(8^ M + f [W,j, H])^] 
+ ^ 2 - tr [(8^ H + f V<!,y 
+ ^ \ tr [M^J + ^ ^2 f-’* ^ 

_ 1 Xj tr [Mh -U \ 


2 ^^^ 


. ^ X^ tr [K^] - ^ H 
_ ^ X,^ tr [H^]. tr [K^l 


i X tr [IsV] 

8 o 


(A2.4). 


(A2.5) 


(A2.6) 


(A2.7 
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We 'brCc-'Jc symm' 

vacuunL oxpsc tjai'i-o.'- 


v-.+--''n' "by C I'D 

ymmetiy spont.'ii'- -u. ^ 

2 


nlus to Mp ail <3 r-. 


< 01^21 o) = 
0 > = 


a 


and 


(ii2.8) 


Shifting the fields to M 2 M 2 “ - 


3 


using the 


stability conditions 

- (^3 h 


3 .2 


) 2 a 2 - (X 7 + ^ 


^2 - (^5 + + Xg) •; 

and ohooelns tho gauge to sueh that 


0 and 
0 , 


(A2.9) 


= 0 


P 1^2 


+ 2a ^ 


(A2.10) 


We obtain? 

S. = 


i ( a V - a , \) - I 

4 '' p, V u ^ 




i ^ 2+1 g2('p2+4y-) a/ + I ^ 


t ^2 


2 S P V '2 


IJ- 


+ I 


• )2 _ 4(x^ (X^+X^^) M2’ + 2 ^ ®p.^3 ^ 


2 o j- X ^ w '^ + i (9 ^5^4 

4p (^5 + -“3 2 ^ p 4 ^ 


2 

2 
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H' 

. 2 e (>X)-^^ ^ - 2 S (®/v)- 

H' 


-g 2 (■f^)'^ - g^(i^)'’' - 23 ' 


+ S^ (\-\'>^ * g^dl^.T-v)"" + 2d(V^-iv)‘ 


+ 2g^ {V^.V,)U^d'’) 

+ 2g 4-^2^ (at^ T).{V X ♦) 
p + 4 a 


_ 4 g^a 0 


•*■ -*■ 


;!**.(¥ X* ) + 

( p 2 + 4 a 2 )l /2 


Pg^ (d+S^) Y ^ 


| 3 ^ + 4 cx ^ 


2 fe' P •+■ '♦■ \2 

--^-—2 (V . ♦ ) 

p 2 + 4 a'‘ 




X (N. 3 ^ ^ - 3 ^ '{> ) 


2 ga I gv 


3 ^^ N,* c!)).A, 


( p^ + 






( p + 4 a ) 


4 a‘‘ Hg’ - Mg' A).^ 
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+ + 2g^A^‘-M2 + ; 


4g^,g (V X a’ ) 

■r“2 7 20/2 P- 

( ^‘^+Acc j 


+ g^f) ^‘5' + 2g2.e(T^.A'") 

I g2 1,3 h 3 + 2g^ V- ■';' *'4 

1 — ^ (^{X, + X.; + 16 cc 4 (X3 + Xg) 

( + 4 a^)^ 

4p^« 2 (X^+Xg)) 4^^ - ‘^'‘ 

4a2 (X, . X3)) ;2^^. _ ( 4 p 2 . (X^.X^) 


^ , *2 i { 8 a^{^!z+\) 

■Y^ fx +X^)) <b Mo " ? 2\ 5 fc> 

X (.Ary-TAg;; V 2 / p^+4 ) 


-*2 ,T *2 „1 — ^ (l6a^g 

^ ''3 - (,W) ^ 

/ Y \\ t'2 T\T ’ TT' (8a^ (^c+^A^ 

(X^+Xg)) (. H3 - , ^ 5 6 

x^ + Xg)) 42 h^ 2 _ (X 
+ Xg) XT3 




^) ■ 4o:{X3 + X^)M; 

Lx. ^4- 

4P (X 5 + *' 5 '^ - (S ’‘ 6 ^ “ 4 “' 

o 


+ Xg) h/ - 4 p ^ 5 X 


3 + Xg) Hj iN^ 


Xg) V"N3’2-2 p(X,+Xg)Kg’2N3’ 


X J mJ 2 n/ 



137 


-4ap ( + Ag) M2’1T3‘ ~ 2C' ( A^ + M 2 ' 

+ (A^c:^ + A^p^ - (X3 + ; a' - (A ^ + Ag ) ^ 

- (X^ + Xg) a^p2). (A2.11) 

-> PI /P 

where we have defined the pion field 6 as ( j3 + 

The above lagrangiajo. is global &'U( 2) 1 SU(2) invariant 
and the pion mass is still zero. In order to give mass to 
pion we have to break the chiral symmetry explicitly by 
introducing a termj 

I Ag tr [I''m7r_ y^M] (A2.12). 

With this term, the stability conditions become 

2a [A^ - (A3 + A^) 2a^^ - (x^ + Xg) + x^P^ = 0 

and 

A 2 - (A 5 + Ag) - (x^ + Xg) -f X^a = 0 (A2.13), 


pion gets a mass term,. 

-1 h(p2H-4cxb 

t 

mass-squares of Mg and change respectively to, 

2 , . ^9 ^ 

8 a (X^ + X^) + — 

and 

8A ^ + 4Aga 


(A2.14) 

(A2.15) 

(A2.16: 
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and tHe following terms get added to the inberc^ctio 
lagrangian, 


- ^9*2' ’*4^ ^^*'9 ■''2' ‘‘3 

2 p2 ■'Q 3 estimated from the 

The parameters gj > P 

. , ,, -First order. We 
^-F D h and 0 -»■ air decay wid '.ii xo li 
masses of P » -^1 

find, 


(A2.17) 


g = 4.69 

a2 = 7.1 X 10^ (Me^)^ 

p2 _ 2.66 X 10^ (MeY) 


(A2.18) 

r 

1 ,no-t-P the discontinuity across the 
¥e shall now calculate tne 

^ -iS _ 2 ^ partial wave amplitudes of the dia 
left hand cut of J - i _ 

T. -n -^'lo-s 3 4 end 6. Vertices are shown in Pig. 

grsnis stiowii j9 

4 -v, n yiTrnr ian b mr lit ud e s ( s , t ) are , 

Por P exchange the invari- 


1 ^ 2 s-u 


si (s,t) = 0 


.1 

'P 


GY (s,t) 


I6g^ ^ 

t-M 


Bp (s,t) 


0 


CA2.19 
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l-ji/ji-;; P--] PpPx 

123 ^ + 


'\rLA../\iKAA/V^'^ 2ge [ ( P 2 ~P^ ) S 

^l^l^l '^^l^3^3% + cyclic terms] 





i-j i oi-T; M'l 

2ee 1 2 ^(Pj-Pj) 


2 2 

in. Bardakci Model] 



12^2^2 A. 

^ ^^4 ^4^4 


'6 " ‘^-6 


P 1 P 3 2^4 f 2^4 _/l^ 2g^3 H 


+ g - -^g " ^^(26 

- /i^4/2^3),/i^4/2^3 

- 5^1^26^3H_5V35^2H)^ 

Fig. 21’. Principal couplings in gauge models. 
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For TC exchange we have similarly ^ 


a/ (s,t) 
(s,t) 
c/ (s,t) 
(s.t) 
B ^ (s.-t) 


0 


- leg^Y^ 


1 


u-m 


0 

- b / 
0 


where , 


+ 2a^ 

? 2 
+ 4 a 


(12, 20) 


(A2.21) 


l 2 _ exchange in the u-channel gives. 


A^^^(s, t) = 


ISg^a^ 

g^+4a^ 


1 


u-m , 


i'L 


B^^(s, t) = C^^(s,t) = (-./c) =K^.-^(s,t) = 0 (A2.22 

In order to calculate the position of the left hand 
cuts and discontinuities of partial wave amplitudes it 
suffices to observe that the t-chaiincl exchange partial wave 
amplitude involves, from equation (Al,37) an integral of 
the form, 

+1 F(x) 

/ <32: -y 

X - (1+ -Jip) 

2p^ 


(A2. 23 
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where \x is the mass of the particle exchanged. As 
™ (s - (M + m)^) 

o 

points in the s~plane for which 1 + — "’-o becomes equal to a 

?P 

real number between -1 and +ls correcpond to singularities 

o 2 

of the partial wave amplitude. For ;.i'” < 4m the singulari- 

2 

ties are located on the real line and the circle js! = M‘^-m . 
9 2 2 

For \x'~ > 4m but < 4M the singularities form part of the 

? 2 

circle and the real line , 0) . For \x > 4M , the 

singularities lies entirely on the roc’l negative s, truncated 

2 2 

in two cuts, one stretching from zero to .-a-.*, value > -(M -m ) 
the other stretching from - » to a value < -(M -m ). The 

singularities for p exchange in the t-channel are shown in 
Fig. 3 and for scalar exchange in Fig. 5. 

Similarly the exchange of a ppvticle of mass \x in the 
u~channel involves partial wave amplituces of the form 


1 

I dx 


[F(x)/(x-(l+ 


2 2 
2M^+2m‘- 


2p 



)] 


The expression, 


1 + 


2M^ + 



(A2.24) 


talces values befween -1 to +1 for s xranging from - « to 0 
and from 2M^ + 2ra^ - to (M^ - Therefore the 

region of singularity for u~channel exchanges is the whole of 



14 2 


2 2 2 

negative real axis, and the * smal'l cut’ from 214 +2m -[j, to 
2 2 2 2 

(M -m ) /|j, , For small enough |a this part of the cut may 
lie well within the unitarity cut. In that case the s- and 
u- channel rogionc overlap. This actually happens for % 
exchange in the u-channel for our caso. ¥e show these singu- 
larities for u channel pion and exchange in Pigs. 4 and 10 
respectively. 

The discontinuities across tlio 'uiiphysical cuts 
mentioned above can be foimd very simply from the expressions 
(A2.23) and (A2.24) by using the well hnown formula. 


1 

X + ie 


P ^ + iit 6(x) 


(A2.25). 


As is clear from the above discussion, the discontinuity 
across the cut follows directly from (il. 37) . and formula 
(A2.25). ¥e give the expressions below. 


Exchange in t-channel, 


The cuts are shown in Pig. 3- define, 

r2 


y. 


1 + 


jr 

2p' 


u’ = 2M^ + 2m^ - s + 2p^ (l-y ) 


(A2.26) 

(A2.27) 


2 2 2 

2U„2;-;::2T - - y„ ) 


t” (s) - g am ( e‘+2ct") 

00 ^^^ — 0.0 o. 


4M^s( p^+4a^) 


p 


+ 4 (y, + ^ + 1 ) (l~y^ )] 
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O O 

( i5‘^-t-2a‘^) p e -u * __ 4“. 
4f2 mfs ( ^^+4a2) ^ ^ 


4yp] (i-yp^) 


‘01 


(s) = 


^10 


a ;^ ( s ) 


(s) = 


g_L|l .± g - g. . } . [ 2) 4y (l-y^ )j 

8(j32+4a2) P ^ 


(12.28) 


On the real nege^tive axis, we find. 




2 c:^ 

where - sign is to he taken for s lyii^j, in (- “, -(M - m ) ) 
and 4- for s in (-(M^-ra^), 0). On the circle s = (M^-in^)e^'^ , and 


= + 2xi ((M^ - m^) 

where - sign is taken for ranging from 
= cos~^ ( (m2+M^/2)/(M^-ia^) ) 

to K, and + for % to Ox-d^. These signs are conveniently 

summarized in the Fig. 3- where T^, lying just a little 

CC |w 

on the + side of the cut minus T^^ just a little on the - 
side is 2Tci A^^. 
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71 exchange in u-chaimel : 


As in the previous case we doi’ine. 

y. 


% 


2 2 

2 i‘l +111 — s 


2 p 


^00 

g m a T 
2 

SM 

% 


^10 

M 

% 


^01 

~ '^lO 

^11 

2v^ 

= -g^ry^ 




JL) 2 

a ^ 


(i-y„ ) + i) 


% 


(A2.29) 


(A2.50) 


and the discontinuities in ^'a|3 

sign convention shown in Fig. 4. 

A2_ exchange in u-channel; 


In this case, define, 




1 + 


21^ + 2m^ 




A 

^00 


L 


A 

01 


( p^+4G.^)M^sp^ 


y^ (-% - y^) 


2n 


4 2 2 

g g mn 


2][2 ( g^+4a^) M fs 




(A2.31) 
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A 


1 

01 


A 

^11 ~ 


4 2 ,2 

-^- 1 ^ 

— ? 

2( 13 +4 a )p 




(A2.32) 


Tlie signs of discontinuities ar • 


shewn in Fig* 10- 


h 



APPEariix THRfiij 


In this a,ppondix wc shell brief 1]^ outline the procedure 
for solving the f/D equations (4.22) and (4.23) numerically. 

As explained in Chapter Pour, can urite one integral 
equation for D, (see ( 4 . 24 ) and (4.25)) 

s-s 

D(s,) =1 ^ /ds” R (s, ) a(s*' ) D(s’' ) (A3.1) 

^ U 

R(spS'* ) = f ds’ (A3. 2 ). 

P (s' “ Sq ) ( c ' -s ) ( s " -s ) 

One can regard the first equa/tion as an integra3. equa- 
tion for D(s) with s ranging over the unphysical values of sj 
i.o, valuvss of s lying on the unphysical cuts U. Choosing 
n points on Up >to can write (A3. 3.) ex! a pair of matrix 

J 

equations p 


I 

a' =0,1 

j ' =0 , . . p n 


A . , B , 

a'oj' 




(A3.3) 


and , 


a'=Opl 
j’ =0, . . pn 


. 3 ’ 


D 


1 


a'lj' 


u 


ao 


(A3. 4), 


whore 


u = 1 for a = 0, 0 for a = 1 for all j, 


(A3. 5) 
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1 

^ “j 

= 

0 for a = 0 

, 1 

for 

c: = 1 

for all j . 

(A3. 

.6 ) 



= 



= 0,1 



(A3, 

.7) 





s 

i .-s 







a' J ' 

^aa' 

+ - 

J 2. 

2tc 

W -j 

^io,i ^ ^ 






X , ( s 

J 




(A3. 

.8) 

anci 


the 

weight factor a.t the 

point 

: s when the 

3 



int 

egral. 










I 

/ 

U 

ds" (s, 

s'*) 

^13 P* 

(s" ) 


(A3. 

.9) 

is 

changed 

to a 

, sum, 








n 


Ip- yk "S' ‘P?’ 


¥e calculate R„fi(s.i,s.,) and (A3. 9) with the help of 
cc p j j 

G-aussian quadrature formulas. .A is tbun ca.lculatcd using A 

from (4.28-40). Equations (A3. 3) and (A3. 4) arc- then solved 
for D by inverting A. After D is found for points s the 

J 

calculation of 1 and N on right hand side proceeds as follows. 

F is calculated for s in the physical region by (4.23), 

F(s) = / ds" A(s: . ! 

U (s" - s) 


(A3. 11) 
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again, using tho G-aussian quadrature, Tho knowledge of 
N on right hand side gives, 


D(s) 

Im D( s ) 


— - If 2 

27!; (M+m)"^ 


P(sM K(s» ) 
(s'-Sq)(s'-s) 


(/- 3 . 12 ) 


p(3) B-(s) 


(A3. 13) 


Tho principai V8.1uc integral is evaluated using, 



for 3 < K 9 whor'-’ a is a big number. 'fo neglect the last 
integral on the right hand side, and evaluate the first by 
simply evaluating the area under th'7 polygon formed by 
joining values of the integrand at di sc re to points by straight 
lines. The values s arc chosen always to bo different from 
s’ . By choosing the points closer and closer and A big enough, 
one can obtain a good approximation to the principal part 
(A3. 14). 

This gives us T( s ) for the physical values of s. 



i'JPPilKDIX POUfi 


In this iipxDendix certain kincnctical details pertain 
ing to high energy behaviour are discussed. 

A4.1 SGATTERXITC- 1 + 2 

¥e consider the scattering 1+ 2 ^ . 

2 

¥e shall assuoie that the variable s = (P 2 _+P 2 ) 

2 2 
= tends to infinity while t = is- kept 

fixed and finite. 


We can always choose p^ to bo in the +z direction, 
and p 2 in -z direction in the center of mass frame. Then 


Pi^ = (V(p^+Iiii^), 0, 0, p) 
P2^ = 0, 0, -p) 


For any four -vector p^ we de'i^ine, 
P~ = P° ± P^ 




(A4.1) 

(A4.2) 

(A4.3) 

(A4.4) 


p.k = p^ k^_ = 


so that 


I (p'^k” + p'k"^) - Pj^.kj_ 


(A4.5) 
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¥ith this definition, we get, usuio 
is finite, 


the condition that t 


+ 

Pi 

= n" “ ^11 ° 

(A 4 . 6 ) 

+ 

P2 

= o{^), Pj- = > ^21 = ° 

(M. 7 ) 

+ 

P5 

= f 3 + 0(^)5 P3 = 

(M.8) 

+ 

P4 

= o(p) P4" = 

(A 4 . 9 ) 

P 3 i 

= - ? 4 X 

( A 4 . 10 ) * 


coefficients of the above asymptotic formulas are 

, . ea suffice is to say that ec>y linear combxnatxon 

not required, duiij-'-- 

p of external momenta Pp to will hav^ , 

^4- N 1 ( • H ) 

p- = )r is + li (pp, •••» fs 

+ u. ^ -n" functions of Pp?***’ ^^4 

where are constants, and p a 

which tend to constants as s 

A4.2 OHB P/jai01£ PROroOTIOEs 

o-»S + 4+ 5 "ith mass of 1, 2. 5.> 4 
Consider l+2-»5.+ 4+ 2- 

. .V, e o- S to he H. To descz-ihc such a process, five 
le m and that ox ^ to d- 

invariants are sufficient. Tliey 
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^34 ■= ‘■"'3 


S 35 

= ( P 3 ”** P3 ^ 


S45 

= (P4 + P5) 


^13 

= (Pi - 



, 0 

(14.12). 

^24 

= (P2 - P4^ 

The 

square of center of mass energy, 

s, is given hy , 


0 2^ -,^2 

( 14 . 13 ) 

s 

= ^ 3 ^^ + S33 + s^5 2m 


Inversely , 

2P3_.P2 = 

2Pi.P3 = “ ■^13 

2Pl-P4 = = - =^35 + ^24 ' 


2P]_*P5 

= S35 • 

- t + tT37 - m" 

^24 13 

■2 

2 p 2 *P 3 

= s - 

345 ^ ^3 - 

2P2* P4 

0 2 

= 2m 

- "*^24 

2P„.P_ 
2 * 5 

= s ^5 

+ '^ 2 A " "^13 

2 

2P3* P4 

= ®34 

- 2m'^ 

.,2 2 

2 p 3 »P 5 

= S35 

- M -m 

2P4.P5 

= 

2 2 

- M -m 


( 14.14 
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¥e are interested in the case irlien s -*• » , hut 
and ^24 are kept fixed. 

As s -► CO we get five different kinematic regions 
according as, 


(i) 

S3 5 

= 0 

(s) , 

® 34 » ®45 - 

0(s) 

(ii) 

S45 

= 0 


334^ S35 = 

0(s) 

( iii ) 


’®35 " 

: 0(S) , 

S43 = 0(s) 


(iv) 

S35 

’ ®45 

= o(s) 

, s^^ = 0(s) 


(v) 

S3 4 

’ ®45 

= o(s) 

9 S3 5 = 0 V s 

) 

where 

! X 

= o(s) 

me ans 

that x/s 

0 as 


Note that we cannot have both s,,^ and s^^ of 0 (s) as 

tn -2 and t r- arc fixed, and the sum of e~Eiomenta of particles 
Ij 25 

2 , 4, 2 "to finite in any frame-, in particular, equal 

to zero in the center of mass frame, 

¥e shall use only the first tt'^o kinematic al regions 
which are characterized by the fact tbam all the particles 
have their energies of tho order of 3-. e,, they move with 

high velocities. The analysis of hi^' -energy behaviour is 
specially simple in these cases. 

In case (i) listed above in (iJ. 15 ) we haye in the 
center of mass frame the following asymptotic values for 


15 ) 


momenta, 
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+ 

Pi = 

fs + 


Pi” = 

o(^). 

Pli = 

0, 

+ 

P2 = 

0 % 

) » P2" ^ 

= ]fs + 

1 

0 k vfs ‘ ’ 

V ‘ * 

Ppi = 

0 

+ 

11 

X fs 

+ o(^) 

9 P3 = 

= O^fs' 

^ P5). = 

0(1) 

P4 = 

0 

1 

= fs + 

o(^) . 

?41 = 

0 (1) 

p^"*" = 

(1- 

X) fs + O(^) 

J Pl^ 

= 0(fi) 

’ P54. 


P 4 i 

+ P 5 X 

= 0 





(A4.16) 


In case (ii) 

= fs + o(^), vf = ’ hj. 

P 4 


0 ( 1 ) 


+ = o(^), P4" = X 


= ^5 


(1 - X) Vs + O(^), P 5 X - 


(A4.17) 


,, X r'-igions. 

V/e shall call these two re^^io.- 

Note that 0 <^X , x) ^ 



APPEl'IDIX PIPE 


USE OP MBLLIU TBJiISPOIU‘'IS I'A EP'iiUATIFG THE ASYMPTOTIC 

BEHAVIOUR 0.< i- JT^CTIOF^'. 

For the sake of completeness c-ntfi reference we shall 
132 

quote a result , especially usefuJ. in extracting the 

high-energy behaviour of integrals encountered in Chapter Six. 

Definition; Mellin transform of a function f(s) is defined 
to be the function 
a> 2 1 

" I f(s) ds (A5.1) 

of a complex variable z, when this integral exists. 

The result whose use we shall mcie often is the 
following. 

Let $(z) be analytic in a right half plane 
Re 2 > a > 0 except for singular points of one-valued charac- 
ter (i.e. poles or essential singularities) X2_> ••• with 

a < Re X < Re X-, , . . . . Let the urine ipal part of the 
Laurent expansion of $(z) at z = x^ be 


(' AS.?") 
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then provided 

(i) In every finite width a ^ ± 

as |i;l -+■ “ unifo^rmly in o anc 

X pnr' X -, there exists 

(ii) between tvro singularitieo x^ ai 

a real number with 


Re X^ < < Re X^_ 

such that ihe integral 


“ -iv . 

J s $( P + i'c) 

-CO V 

converses uniformly for e ^ S, for some S,> 0, 

MoT 1 T n transform exists and has the 
the inverse Mellxn xranexux 

asymptotic expansion; 

n 

I 

v=0 


f (s) 


b 

I [-^5. - -T Ins + . . . 


a 


, b 
r -1 r 

/ T \ V V - 

+ (- 1 ) 


+ (2'n;i) ^ / 


(r -1) 

V 

B +i“ 
na 


r -1 _X 

( Ins ) ^ j s 


$(z) dz 


6 -ie 


, . and tne last term Is of order o{s-fe) 

as S -»■ “ j e-iiu Oil 


(A5. ) 
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